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Abstract. We introduce a new rigorous method, based on Borel summability and 
asymptotic constants of motion generalizing [9] and [12], to analyze singular behavior 
- - - of nonlinear ODEs in a neighborhood of infinity and provide global information about 

(N ■ 

their solutions. In equations with the Painleve-Kowalevski (P-K) property (stating that 
movable singularities are not branched) it allows for solving connection problems. The 
analysis in carried in detail for Pi, y" = -\- z, for which we find the Stokes multipliers 
in closed form and global asymptotics for solutions having power-like behavior in some 
direction in C, in particular for the tritronquees. 

Calculating the Stokes multipliers solely relies on the P-K property and does not use 
linearization techniques such as Riemann-Hilbert or isomonodromic reformulations. We 
discuss how the approach would work to calculate connection constants for a larger class 
of P-K integrable equations. 

We develop methods for finding asymptotic expansions in sectors where solutions have 
.^1^ ' infinitely many singularities. These techniques do not rely on integrability and apply to 

, more general second order ODEs which, after normalization, are asymptotically close to 

■ autonomous Hamiltonian systems. 

c3 ■ 1. Introduction 

1.1. Overview of the paper and motivation. We provide a new method for studying 
sohitions of nonUnear second order equations in singular regions, containing singularities 
which may accumulate towards infinity. The method relies on obtaining and analyzing 
asymptotically conserved quantities; these may not exist globally, but rather on regions 
' bordered by antistokes lines, and they can be matched to each other and to the asymptotic 

expansions valid in regular regions, which are bordered by antistokes lines and where 
solutions are analytic towards infinity. The asymptotically conserved quantities determine 
' solutions and their behavior, and their use as dependent variables desingularizes the 

. problem. 

In regions where solutions are regular where the independent variable is large enough, 
solutions have asymptotic expansions which are Borel summable O [HI [9] ; these expansions 
are shown to match to the asymptotically conserved quantities of the singular regions, pro- 
viding global information about solutions. The approach does not use linearization such 
. as a Riemann-Hilbert reformulation. For equations with the Paineve-Kowalevski prop- 

erty (P-K) - stating that all solutions are single-valued on a common Riemann surface- 
the asymptotically conserved quantities provide explicit connection formulas using the 
P-K property alone. The P-K property entails a consistency condition, that the solution 
returns to the same asymptotic representation after a 2tt rotation in a neighborhood of 
infinity, and this is a nontrivial equation for the Stokes multiplier, see ^ 

In the present paper we carry out this program for the Painleve equation Pi 

y" = (Sy^ + z (1) 

We discuss in ^7.41 how the approach can be applied to the Painleve equation P2 and more 
general equations. 

For Pi we obtain the asymptotic behavior of tronquee solutions with exponential ac- 

25 

curacy in the pole-free sectors, with 0{z~^) relative errors in pole regions where the 

15 

associated asymptotic elliptic functions become trigonometric ones, and 0{z~~») where 
the elliptic functions are nondegenerate, see Theorem[T], §1.3l and §1.3.3l below. This preci- 
sion exceeds the one needed to keep track of the Stokes multipliers and then to determine 
them based on the single-valued consistency mentioned above. 
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Until now the Stokes multiplier has been calculated using linearization methods; one 
interest in developing an alternative approach is that while there is no known method of 
generating an associated Riemann-Hilbert problem from the P-K property, establishing 
the P-K property appears a more tractable problem. 

1.2. A brief overview of integrability, linearization, the R-H problem and con- 
nection formulas. Eq. ([1]) is the first of the six Painleve equations. These, together 
with equations reducible to equations of classical functions, constitute the complete set 
of differential equations of degree at most two, in a quite general class [15], that are P-K 
integrable [5], modulo equivalences. 

In the realm of linear differential equations, the classical special functions such as the 
Airy, Bessel or hypergeometric ones, play an important role due the existence of integral 
representations, allowing in particular for a global description: an integral formula allows 
for explicitly linking the behavior of one solution at various critical points, and along 
different directions at infinity. These links are connection problems and their solutions 
are connection formulae. Until the late 1970s integral formulas were essentially the only 
tools in solving connection problems. 

The general solution of ([T|) is highly transcendental; in particular there are no inte- 
gral representations in terms of simpler functions. This is a deep result with a long 
history starting with a partial proof by Painleve himself, and a complete argument due 
to Umemura, [25], [26]. 

All six Painleve equations turned out to have explicit connection formulas. These 
have been obtained over a span of about two decades starting in the late seventies, via 
linearization methods. The first of these was achieved via a determinantal representation, 
followed by the isomonodromic reformulation, cf. the fundamental papers by Ablowitz 
and Segur [1], McCoy, Wu and Tracy [21], and Jimbo, Miwa, Mori and Sato [16]; for a 
good survey of the vast literature see [4] and |13j . 

Linearization techniques fall in some sense under the Riemann-Hilbert (RH) reformu- 
lation umbrella, [13]. The classical RH problem is to find an analytic function in a cut 
plane with a given jump across the cut and prescribed behavior at infinity. The solution 
is provided by Plemelj's formulas. More generally, one seeks a matrix- valued analytic 
function with cuts along a number of rays with prescribed matrix jumps. The existence 
of such a function requires a compatibility condition to be satisfied. Roughly speaking, 
following ideas going back to Birkhoff, a RH reformulation of an equation is finding a 
RH problem for which the equation is equivalent to this compatibility condition. Since a 
RH problem is linear, this effectively linearizes the equation; see [23] §32.4(i) for a short 
description of the isomonodromic linearization. The six Painleve equations were shown 
in the late last century to be RH compatibility equations, and the P-K property follows 
from this presentation. 

For the Painleve transcendent Pi the Stokes multiplier was obtained via linearization 
in 1988 by Kapaev [18], corrected in a 1993 paper by Kitaev-Kapaev [19]. The Painleve 
transcendents are now as important in nonlinear mathematical physics as the classical 
special functions play in linear physics [T3] . 

Conversely, knowing the jumps across the cuts determines the associated RH problem. 
For a differential equation the jumps follow from its connection formulas. The circle is 
closed once the P-K property is shown to determine the jump conditions in closed form. 

1.3. Definitions, setting and general properties of Pi. 

1.3.1. Normalization. It is convenient to normalize ([T|) as described in [9]. The change of 
variables 

z = 24-130^/^x^/^6-"^/^ y{z) = i^/7/6{l - ^x-^ + h{x)) (2) 
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where the branch of the square root is the usual one, which is positive for z > 0, brings 
([l]) to the Boutroux-hke form 

,// h' , /i2 392 1 

h" + h J = 3 

X 2 625 ^ ^ 

1.3.2. Symmetries. Eq. ([1]) has a five-fold symmetry: if y{z) solves ([T|), then so does 
p^y{pz) if = 1. Relatedly, ([3]) is invariant under the transformations h[x) i— t- h{xe^™) 
and note also the symmetry h{x) i— t- h{x). 

1.3.3. Regularity. There are five special directions of ([1]) for solutions having asymptotic 
power series in some sectors (see Notes H5l [Ml and ^7.ip . Bordered by these directions, 
we have the symmetry sectors 



— - — vr < arg z < — - — vr V , k £ Z5 (4) 



Tronquees and tritronquees solutions. Generic solutions have poles accumulating at 00 
in all S'fc. 

Any solution has poles in at least one Sk [IZj. For any two adjacent sectors Sk there 
is a one-parameter family of solutions, called tronquees solutions, with the behavior y = 
iy^{l + 0(1)) as z — 00 in these sectors (so they do not have poles for large z in 
these sectors). In particular, for any set of four adjacent sectors there is exactly one 
solution with this behavior, see e.g., [20]; these particular tronquees solutions which are 
maximally regular solutions are called tritronquees. The five tritronquees are obtained 
from each other via the five-fold symmetry. (Note that although in any Sk there is also a 
solution with behavior ~ —i^y z/6{l + o(l)) as z — 00, it turns out that this is just some 
tritronquee.) 

We will study the tritronquee yt with 



yt{z) = g (1 + 0(1)) as 2; — )• 00 with argz S 



37r 



(5) 



In the normalization ([3]), a sector S^ in z corresponds to a quadrant in x and the sector 
— vr < arg z < n corresponds to the sector — vr < arg x < 37r/2. The solution ht 
corresponding to yt satisfies 



ht{x) = 0(1) as X — )• 00 with argx G 



2 2 



(6) 



The solution ht is analytic for large x in the sector ([6]) and has arrays of poles beyond its 
edges, see §2.2.11 General results about the solutions of ([3]) which decay in some direction 
at infinity, which correspond to tronqueee of ([T]), are overviewed in the Appendix, §8.11 

2. Main results in sectors of analyticity 

2.1. The Stokes constants for tronquee solutions. Theorem[T] gives the value of the 
Stokes multiplier p. for any tronquee solution. While it is formulated for solutions analytic 
in the sector Sq, it can be easily adapted to solutions analytic in any of the sectors in ([4]). 

Theorem 1. Let h he a solution of ([3|) satisfying 

V a e [0, ivr], h{x) = Ce-'-'x'^ + o{x-^/^) as x ^ e'"oo (7) 

Then 

V a G [-i7r,0], h{x) = {C + p)x~h~'' + o{x~^) as X ^ e'°' 00 (8) 
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with 

A.= V^. (9) 

The existence a Stokes multiplier such that ([7]) and dH) hold is known in a wide class 
of differential equations, see in [7j formula following (1.15) and also see in [8], (jl82p . A 
complete Borel summed expansion of the solutions h satisfying d?]), ([8]) is given in the 
Appendix, where C+ = C,C- = C + fi. 

On the other hand, the existence of an explicit expression for /_f is expected only in 
special cases such as integrable equations. The value ^ was calculated before using 
Riemann-Hilbert associated problems, as mentioned in §1.21 In the present paper, ([9]) is 
a byproduct of more general asymptotic formulas we obtain by matching Borel summed 
expansions valid in the regular sector to asymptotic constants of motion explained in §2.2( 
which are shown to give suitable representations in the sectors with singularities. 

In particular, for the tritronquee hf obtained from yt via jS]), Theorem[T] gives 

Proposition 1. The tritronquee hf defined by ([6]) satisfies 

ht{x) = 0(x~^) as X ^ +ioo 

(implying C = Q in ^) and 

ht{x) = /ix~2e~^(l + o(l)) as X ^ —ioo 

where n is given by ([9]). 

It is clear from Proposition [1] and Theorem [1] that it suffices to obtain /u for ht- The proof 
of Proposition[T] is given in Section [71 the equation that fi solves is (|202p . 

2.2. Sectors with singularities. Setting and heuristics. 

2.2.1. Arrays of poles near regular sectors of tronquees solutions. Solutions h satisfying 
([7]) are analytic for large x in the right half plane. Beyond the edges of the sector 
— 7r/2 ^ argx ^ 7r/2, h develops arrays of poles (unless h is tritronquee). These facts 
are proved, and the location of the first few arrays of singularities is given in [9] and are 
overviewed below. 

Given h as in Theorem [T] there is a unique constant C+ with the following properties. 
Denoting ^ = ^{x) = C+j;~^/^e~^ the leading behavior of h for large |x| with argx close 
to tt/2 is 

hr^Ho{0 + ^^ + ^^ + --- (x ^ ioo With le - 12| > e. Id < M) (10) 

X 

(if ^ is small, the terms may need to be reordered) where 

^o[Q) - (g/l2-l)2 ' -^UW - (i2-g)3 . ■ ■ ■ , ^n[^) - gn(g_i2)„+a (11) 

with Pn polynomials of degree 3n + 2. 

The first array of poles beyond iIR+ is located at points x = pn near the solutions pn 
of the equation ^(x) = 12, namely 

p„ =p„ + o(l) = 2n7ri - ^ln(2n7ri) + lnC+ - In 12 + o(l), (n oo) (12) 

Rotating x further into the second quadrant, h develops successive arrays of poles sepa- 
rated by distances O(lnx) of each other as long as arg(x) = 7r/2 + o(l) [9]. 
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Note 2. The array of poles developed near the other edge of the sector of analyticity, 
for aTg{x) = —tt/2 + o(l), is obtained by the conjugation symmetry in §1.3.21 in (jlOp 
and ()12p i is replaced by —i and C+ by a different constant, still unique, C_. The 
tritronquee /ij has the sector of analyticity as in ([6]) and C_ = fi; ht has an array of poles 
for arg(x) = — 7r/2 + o(l). By the rotation symmetry, near argx = 37r/2 + o(l), the other 
edge of the sector of analyticity of ht, (fTOj) and (fTTj) hold with replaced by and 
with Cs = fi instead of C+ (see also ()215p below). 

2.2.2. Sectors with poles. Setting and heuristics. As mentioned, the general solution of 
Pi has poles in any sector in C, and any solution has at least a sector of width 2tt/5 with 
singularities. In particular, any truncated solution h as in Theorem[T] has poles outside 
the sector — 7r/2 < argx < 7r/2 and ht has poles outside the sector —tt/2 < aigx < 3vr/2, 
in particular ht has poles for x in the sector 

S = {x I - vr < arg x < -7r/2} (13) 

In this section we give the heuristics of the approach in the present paper to studying 
solutions in sectors with poles; rigorous proofs are given in ^ As it is often the case, 
rigorous arguments are more involved and sometimes depart from the heuristic ideas. It 
is natural to describe the intuition first. 

Our method of analysis resembles an adiabatic invariants one. Note that for large x 
([3]) is close to the autonomous Hamiltonian system 

h" -h-h^ /2 = {) with Hamiltonian s/2 (14) 

where 

s = h''^ -h^ - h^S (15) 
The solutions of ()14p are elliptic functions, doubly periodic in C. For ([3]) we expect 
solutions to be asymptotically periodic, and s to be a slow varying quantity; this is 
certainly the case in the region where (jlOp holds. It is then natural to take h =: u as an 
independent angle-like variable and treat s and x as dependent variables. With w = u' 
we first rewrite equation (l3|) as a system 

u = w (16) 
, u"^ w 392 1 

and then, with 



R{u,s) = ^/u^/3 + u^ + s (18) 
we transform (|16p . (|17p into a system for s(n) and x{u): 

ds _ 2w 784 1 _ 2R{u,s) 784 1 

du~~~^625x^~ X "^ 625 x4 ^ ' 

dx 1 1 

du w R{u, s) 

Note 3. Given an initial condition uj, s{ui),x{uj) such that the right side of (jl9p . (|20p 
is analytic, the system { (fTU]) . (f2U|) } admits a locally analytic solution x{u),s{u). The 
function x{u) is analytically invertible by the inverse function theorem since 1/R ^ 0. 
Using (I19p this determines an analytic s{x). From s and u, we define an analytic branch 
of w = u' . The systems { P^ . PT|) } and ( P^ . (pU|) } are then equivalent in any domain 
in which u,u' ,s{u),x{u) are analytic. 

Let h he a tronquee solution (or one with s very small) of ([3]) having poles for large x 
in the sector S. It turns out that there are closed curves C, which will be used hereon, 
see Fig. [H similar to the classical cycles |17] . such that R{u, s{u)) does not vanish on C 
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and x{u) traverses S from edge to edge as u travels along C a number times. More 
precisely, starting witl0 uq £ C and writing Un instead of uq to denote that u has traveled 
n times along C, Sn = s(m.„) and x„ = x(u„), the following hold: (i) xq = x{uq) is close to 
the first array of poles explained in ^2.2.11 arg(2;o) = — 7r/2(l + o(l)), and s{uq) is given 
by ([15]) (recall that u = h) (ii) for some = Nm{xo), xj\f is close to the last array of 
poles, arg(x7v) = — 7r(l + o(l)). The size of \xn\ is of the order |xo| for all n < N . Two 
roots of R{u, Sn),n = 0, 1.., Nm are in the interior of C and a third one is in its exterior. 
Written in integral form, ()19p and (I20p become 

r fR(v,s(v)) 392 1 \ , 
s(n = Sn-2 ^ \ \ " — r dv (21 

r 1 

x(u) = xn+ —, r~^dv (22) 



R{v,s{v)) 



where the integrals are along C. 



2.2.3. The Poincare map. A first important ingredient in our analysis is the study of the 
Poincare map for (j2ip . (j22p . namely the study of (s„+i,Xrt+i) as a function of (j;„,s„). 
With the adiabatic invariants analogy in mind, the Poincare map is used to eliminate the 
fast evolution. The asymptotic expansions of s{u) and x{u) when u is between Un and 
Un+i are straightforward local expansions of pip and ()22p . We denote 

J{s) = i R{v, s) dv; L{s) = i -f^ (23) 
Jc Jc R{v,s) 

It is easily checked that 

J" + ^p{s)J = 0; where p{s) = ^^^^^^^^ (24) 
and, since J' = L/2 we get 

L"-P^L' + \pis)L = (25) 

The points 5 = and s = —4/3 are regular singular points of (j24p (and of (j25p ) and 
correspond to the values of s for which the polynomial it^/3 + -\- s has repeated roots. 
Simple asymptotic analysis of (j2ip and (j22p shows that the Poincare map satisfies 



2Jn 

Sn+i = Sn (1 + o(l)) with J„ = J(s„) (26) 

Xn+1 = Xn + Ln {1 + o{l)) with L„ = L(s„) (27) 

Here, and in the following heuristic outline, o(l) stands for terms which are small for 
large Xn and large n. The rigorous justification of these estimates is the subject of ^ 



2.2.4. Solving (|26p and (|27p .• asymptotically conserved quantities. We see from (|26p that 
Sn+i — Sn <^ Sn and — x„ ^ Xn- It is natural to take a "continuum limit" and 
approximate Sn+i — Sn by ds/dn and x^+i — by dx/dn. We get 

which implies, by separation of variables and integration, 

Q{x, s) := xJ{s) = xo J(so) (1 + o{l)) (29) 



-'^Later on we will choose uo = —4 G C. 
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That is, Q is asymptotically a constant of motion. A second (nonautonomous) one is 
obtained using ([26]) and (|29l) as follows. We write 

\ ds 2 , , 

l + o(l)) (30) 



J'^{s) dn xqJ{sq) 
Let J be an independent solution of ()24p with J(0) = and denote 



where kq is the Wronskian of J and J. Integrating both sides of (I30p from to n we get 
/C(.) - /C(so) = ^ (1 + o(l)) ^ /C(s) + —- = IC{so) + o(l) (32) 

KoXoJ[So) KoXoJ{So) 

for n = 0(2:0). JC is in fact a Schwarzian triangle function whose properties are studied 
in 



Note 4. The fact that the system (j28p . (j30p . can be integrated in closed form to leading 
order is not surprising: this system is an asymptotic reduction of ([T|) and is expected to 
be integrable too, with solutions expressible in terms of classical functions (here, hyper- 
geometric functions) . 

Note 5. Near the edge argx = — 7r/2 — o(l) of S (or near the other edge, for argx = 
— 7r+o(l)) special care is needed for the truncated solutions since s = o{l/x) (respectively, 
s = — I + o(l/x)), so s is near singularities. 

Note 6. One gets higher orders in the asymptotic expansions of (x^, s^^) by formal Picard 
iterations, using ([29j) and ([32]) in ([22]) and ([2T]) : these lead, after inversion of ([22]) and 
([2T]) . to an asymptotic expansion of h{x) and h'{x). This is quite straightforward and 
fairly short, but of course (|28p has uncontrolled errors, and a good part of the technical 
sections of the paper deals with rigorizing the analysis. 

2.3. Calculating ji. Let h = hf. After having obtained and proved the asymptotic 
expansions of h and h' as in Note [6l we match them to expansions of type (|10p . as 
explained in ^2.2.11 of h and h' when argx decreases below — vr. The matching translates 
into an equation for /i, explained in 3ZI(iii particular, see Note 1391 and (|202p ). For a general 
discussion of the principles used in the calculation see also ^7.4.11 Since ht is a tritronquee, 
a unique solution regular for argx G (7r/2,— 7r/2) U (— vr, — 3-7r/2), not surprisingly, the 

equation for fi has a unique solution {fi = \J^h see ^for details). 

2.3.1. Is integrability needed to find /i? The P-K property, implying that the analytic con- 
tinuation of ht through S coincides with the one obtained using Borel summed expansions 
in C \ S, see ^S.l) is crucial in this argument, to identify fi as the Stokes multiplier. If we 
drop the term — gfUr in ©J the equation becomes Painleve nonintegrable, in the sense 
that the movable singularities are branch points. Nonetheless, our asymptotic expansion 
of {sn,Xn) does not change to the order used. The analysis in [7] using transseries does 
not rely on integrability either. However, no matching would be possible this time around, 
since, because of the ramification in the solutions, the two analytic continuations will now 
be done on different Riemann sheets, rendering the matching impossible. 



2.3.2. Generalizations. Application of these methods to P2 and more general equations 
are discussed in §7.41 
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3. Main results about the singular sectors 



3.1. Asymptotic expansions of solutions. We start with some fixed uq,sq,xq and as 
u travels along C back to uq we obtain si,xi, and repeating this procedure we get S2,X2, 
etc. and in this way (j2ip and (|22p provide a recurrence relation describing the evolution 
of s and x as u goes along C. 

Theorem[2] provides asymptotic expansions of the asymptotically conserved quantities 
dSlD, ([32]) of the system ([2l]), ([22]), up to ©(x-^/^) or better. 

It turns out (Lemma [26]) that for h = hf the s„ are in the upper half plane with 
modulus proved to be less than 5 (it is in fact less than 2), s £ cf. ()48p . Since J has 
singularities (square root branch points) at s = and at s = —4/3 only, both J and L 
are single- valued for s S B^. 

3.1.1. Choosing initial data sq, xq, uq. We obtain asymptotic expansions for large x, there- 
fore xq will be chosen large enough. Also, xq will be chosen near zM_, the lower edge of 
the sector of analyticity of the tritronquee solution ht- Choosing sq near (a singularity), 
and iterating the Poincare map we will obtain xq, xi, . . . , x„, . . . ,xn^ which go through 
the sector with singularities up to the other edge, as it will be proved that argXAr^ is 
close to — TT. It will turn out that sat^ is close to the other singularity, —4/3. 

The iteration can also be done for other values for sq, not necessarily close to singular- 
ities, in which case the estimates are simpler, and they can be used to obtain asymptotic 
conserved quantities in sectors with poles for any solution of P/. In this paper however, 
we are interested in the connection problem, and then we do need sq close to singularities; 
see also Note [71 

More precisely: let m > be a large enough number (its estimate can be traced through 
the calculations of this paper). 
Assumption. We assume that 

\xq\ > m, Imxo < 0, |Rexo| < ln|xo|, Imso > 0, 1 < |soXo| < 10, uq = —4 (33) 

The choice of uq = —4 makes some calculations simpler, cf. Note [32| though we will use 
this precise value only later. 

Note that (|33l) implies that xq = — ilxole*^"" where 9x is o(l), so indeed, xq is close to 
and that sq = 0{xq^), close to indeed. 

3.1.2. The solutions J, J used and other notations. In the rest of the paper J is the 
unique solution of (|24l) satisfying 




(34) 



with 



A 



12 „ 3 1 , , m 

= ; B = n(24 + — 

5 8 2 ^ ^ 4 



(35) 



and j(s) is the unique solutions of with 

J(0) = 0, J'(0) = iri 



(36) 



Denote 




2 G s + 6 su + I8u + - Au^ - 



Pis) 



P{u,s) 
R{u, s) 



(37) 



3 s(3s + 4)\/9s + 9u2 + 3u3 
where R is given by ()18p . p by ()24p and the polynomial P equals 

2 r 

P{u, s) = — u{2 - ti)(3 + uf + 6s(l + u) 



(38) 
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Denote 

iVo= LNI^J, ^0 = ^, C = ^, C = , n' = n + C n' = n + C (39) 

and define 

Bn^i = m (ri'ln^-lnr(co + n')+lnr(C + co)-Cln|; 
S„_i = (n' In f - lnr(i + n') + lnr(C + i) - Cln f j (40) 
As n — 7- oo we have 



R — 24 
tin-\ - -g- 



^^+ffa + 0(n-i)J , where5„:=-Cln|+lnr(C + co)-iln(2^) (41) 
Bn-x = ^ + 0(1), where g,, := (Inf - lnr(C + i) + i hi(27r) 



Theorem 2. Under the assumption (I33p . i/iere exists a curve C such that the following 
hold as \xo\ — )■ oo. 

(i) The system (I2ip . ()22p /las a unique solution {s,x) for u traveling n times on C with 
^ n < Nm, where G N is the unique number such that < Imsjv^ < ll/|xo| and 
|Res^,„+4/3| <2|xo|-^/2. 
(^iij VFe /laue (see (I3ip /or notations) 

487rm 27ri(/)„ .5/4 
/Cn = /C(so) + ^ ^ + 0(^0 Inxo) (42) 

where 

n f ^ 4\/3z 5soXo\ ^ 1 T" \ ^Trm f/ , 

(pn = — \ga H —In—— + — / Q(^io,s) J{s) - J{s) ds 

xo \ 5 48 y 47rz J^^, \ xq J 

(Hi) For n G {NQ,Nm — Nq], Qn := Qu/xq (for notations see ([5U|) ) toe /lave 

= ^atq - i2;o^ / Q{uo,s)J{s)ds + O(xo^^^) (43) 
while for n G [0, Nq] (resp. n G (A/'q, Nm — ^o]) where Sfi is small, Qn is given by 

_ 5 _ _ 5 

Gn = Go + XQ^Bn-1 + 0{xq Inxo), resp. - XQ^BNm-n+i + 0{xq Inxo) (44) 



Part (i) follows from Proposition [2^ (ii) is proved in §6.31 and (iii) is shown in §6.2^ 
with (|4Up . (|4ip shown in Lemma [HTl Higher order corrections can be obtained in the usual 
asymptotic way, iteratively order- by-order. 

Note 7. In fact, ()44p applies to more general conditions sq G H, if s„ G H for n = 
0,...,A„- Ao. 

Based on Theorem [2] (ii) Theorem [2] (iii) more orders can be obtained for s„ and x„: 
Proposition 8. (i) For A^ — Aq ^ n ^ A^ we have 

4 24Z 1152ri 2(A.„ ^, n, n ^ ^ /, ,o/n\ 



3 5tt 25JoXo 

(ii) We have 



and thus M^n = + O(lnxo). 



4 RefxnJn) , is , . 

ResN^ = -^-Reso + \^ + 0{xq^) (46) 
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(in) 



In particular 
and 

The proof is given in ^ 



x^. = T^ + ^lnxo + 0(l) (47) 



^N„, = -ixo + O(lnxo) 



IraxNm = Im^^^ + 0(1) 

-JNm 



4. Proofs. I. General properties of the functions used in the proofs 
4.1. The zeroes of R{u,s). We denote 

]HI = {z G Cjlmz > 0}, B+ = {s eM\\s\ < p} , = {s G -M | |s| < p} (48) 

Denote by Ps{u) the following polynomial in u, with parameter s G EI 

Ps{u) = u^/S + u"^ + s (49) 
and note the symmetry Ps{u) = — P_s_4/3(— u — 2), or 

4 

Ps{u) = —P_g-{—u ) where s =s + -, u =u + 2 (50) 

which entails that results for s close to can be translated into results for s close to — |. 

The only values of s for which two roots of Ps{u) coalesce are s = and s = —4/3. 
Therefore the roots ri^2,3(s) of Ps{u) are distinct and analytic for s G H (see, e.g. [3]). 
Lemma[9] gives bounds for these roots and for distances between them, see Fig.[Tl 

Lemma 9. (0) For s G H we have 
ri G -M, Reri<-2 

r2 G H, argr2 > arctan(3/2), arg(r2 + 2) < vr — arctan(3/2) (51) 
r-s G -H, Re r3 > 

(i) For \s\ < 115^/2" (f^''" i^otation see (j48p ) with the choice y/s > if s > (and a choice 



of labeling of the roots) we have 

|ri +3 + s/3| < |s^|, \r2 - iy/s\ < \s\, \r3 + iy/s\ < \s\ (52) 
(a) For s~ G D"^; — we have 

\/2/3 

\2 + ri + VF\ <\s-\, |2 + r2 -\/F| < jrg - 1 + s-/3| < |s^| (53) 

(Hi) Let rj{s; t) be the roots of tu"^ /3+u'^+s, labeled with the convention rj{s; 1) = rj{s). 
If \s\ G '^yiQ then r2,3(s;t) are real analytic in t ^ (0, 1). 

If\s^\ G B'^/]^o ^^^'^ ^1,2(5; i) CLfs fsCLl analytic in t ^ (0, 1). 
(iv) Ifse ID)+/4 then |ri,2,3(s)| < 399/100. 

The proof, elementary, but rather laborious, is given in the Appendix, ^8.31 

Note 10. Choosing the closed path. Let C consist of the polygonal line connecting 6, 

— (1 + i), —2 + — y-^, —3 + |, uq, —6 and a semicircle of radius 6 centered at the origin in 

the lower half plane, see Figure [II For us uq = —4, cf. '< \3.1.1\ 



ASYMPTOTICALLY CONSERVED QUANTITIES AND CONNECTION FORMULAE 



11 




We will also need the incomplete integrals J and L: 

dv 

J{u,s)= R{v,s{v))dv; L{u,s)= — (54) 

where the integration is along C (specified above), which will be shown to surround two 
of the three roots of + n'^ + sq- The contour is traveled upon multiple times, and we 
will use an index n to specify the winding number. 

Corollary 11. (i) We have r3(s), ri(s) G Dg while r2{s) G for all s G '^21/4- 

(a) Consider the polygon Cq with vertices —1,-1 — 6z,6 — 6i,6 + 6i,— 6 + 6i,— 6,— 1 

oriented anticlockwise. Then r2{s), ^3(5) G int{Co) while ri{s) G ext{Co) if s ^ ^21/4' 
(Hi) For all s G "^21/4: P'^^^ ^ defined in Note[W\ encloses ri{s), r^{s), leaving r2{s) 

outside. Moreover 

a := sup \J{u,s)\ < 00 (55) 

where J is as defined in ([5 



Proof. By Lemma [9] we have |rj(s)| < 5, j = 1,2,3, Imr3^i(s) < and Imr2(s) > 
implying (i). Continuity of J is manifest, and J(0) is an elementary integral. 

(ii) By Lemma [9] we have ri{s) G {z : Imz < 0, Rez < —2} implying ri(s) G ext(Co), 
^2(5) G {z ■ Imz > 0, \z\ < 5}, and r^^s) £ {z : Im z < 0,Re z > 0, \z\ < 5}, which implies 
r2(s) and r3(s) are in int(Co). Continuity of J at zero is manifest, and it implies J(0) = 0; 
this together with the fact that J(s) satisfies (I24p implies, by Frobenius theory, that it is 
analytic at zero (see also ^4.31 below): the value of J'{0) is simply obtained by the residue 
theorem. 

(iii) This is obvious by Lemma [9] and continuity of J. □ 

4.2. Link between J and L. We use the notations (llSp . ()23p where C can be any closed 
curve (piece- wise smooth) . (|37|l . (|38]l . 



Proposition 12. We have 

dQ 
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In particular, using (j23p and (j56p we have 

dJis) l^, . dLis) [ du 1 / X T/ N 

- L{s)- — ^ = - i —r-. = --p{s)J{s) (57) 



ds 2 ' " ds Jc 2R^{v,s) 2 

The proof of Proposition[T2] is by direct verification. □ 

4.3. Integral representations of J, J , L and L. We defined J and J as solutions of 
(|24p satisfying the initial conditions (|34p -(|36 p : we now derive some integral representations 
useful in the sequel. 

Denote by k is the elliptic modulus 

K = . (58) 

r2 - n 

Lemma 13. The points ri,r2,rs are collinear only if s € (—4/3,0). The roots rj are 
analytic in s except for s S { — 4/3,0}. Furthermore, the triangle A[ri,r2,r3] preserves 
its orientation when s traverses any curve 7 C C which does not cross the real line. 
As a consequence, for s / —4/3, the roots satisfy 

r3 does not belong to the segment [ri,r2] C C (59) 

Proof. By Vieta's formulas, r2 + r^ + ri = —3, r2r3 + r2ri + r^ri = 0, r2r3ri = —3s. and 
a straightforward calculation gives 

K-2 1 + K I -2k 

?-2 = -1+ , „ r3 = -l+ ri = -1 + 

V — K + 1 — K + 1 V K- — K + 1 

If '"1, 2, 3 are colinear then k G M which in turn implies ^1^2, 3 G I^i hence s S (—4/3,0), 
in which case ri < r2 < r^. 

Analyticity is standard: the roots satisfy F{r,s) = ,r = rj, which, by the implicit 
function theorem defines analytic functions rj(s) in a neighborhood of any point where 
Fr 7^ 0. But Fr{rj) = clearly means that the polynomial has a double root. If we take 
a curve 7 not intersecting Sq, then ri and r2 are always distinct, and we can orient the 
line through ri and r2 by choosing the direction from ri to r2 as being positive. If r^, is, 
for some s, to the left of the line (in the usual meaning) it stays to the left by continuity, 
since the distance between sq and the line is never zero. □ 

Proposition 14. (i) We have L = 2L3^i, J = 2J3^i, J = 2,73^2 cLnd L = 2L-i^2, where 

Li;j = J ^^ du; Ji-j = J R{u,s)du (60) 

with branched of R{u,s) = \J Pg (n) = \J [u — r\){u — r2){u — r3) defined so that 

arg Ps(u) = for u — )• +00, namely they are analytic continuations for s in the upper half 
planes of the branches which, for s G M have arg Ps{u) = for u > r^, avg Ps{u) = vr for 
r2 < u < rs, aicgPs{u) = 27r for ri < u < r2, ai[gPs{u) = Stt for u < ri. 
(a) We have, with the notation ([58]) . 



J3,i = -3-^/'(ri-r3)5/M Jtil-t){--t]dt (61) 




J3;2 = -3-^/^(r2 - r^r' / Vt(l - t){K - t)dt (62) 



(Hi) As s =s + |— T-Oii^e have 
"5 



J{s) = - (ivr - iln24- ii) s' - ^is' ln{-s-) + 0{s'^lns-) (63) 
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L(s) = -ilns" -7r + 2iln24 + o(l) (64) 
where s~ = s + 4/3 is as defined in Lemma\^ 
(iv) s — 7- and s~ — )• resp. we have 

J{s) = TTis + 0(s2 In s); J{s) = J{s) - 2 J2;i = J(s) + vrs" + 0{s^ In s") (65) 
In particular we have (j34p and ()36p . 

For the proof, we note that Ji-j are solutions of (j24p . To identify them, we simply have 
to determine their behavior at s = 0. We note that Pq (u) has a square root singularity 
at n = -3 thus Jl^_3, 1/R{u, s) = JZ^ 1/R{u, 0) + o(l). Thus 

L3,i = / ' -W-^du + o(l) {s ^ 0) (66) 

We re-express R{u, s) as its approximation where we discard plus the corresponding 
difference: 

, , = J— + Qi(n,g) (67) 

where 

Qi(it,s) : = 



\/3u3 + 9u2 + 9s Vti^ + s (^3\/n2 + s + \/3m3 + 9^2 + 5 
We note that Qi is continuous at s = 0, and, for n < 0, 

and thus 



L3,i = / ^4 du+ [ Qi{u,0)du + o{l) 

Jr-, + S Jra 



1 /"^"^ 

(in+ / r77/, + n(1) (70) 



^3 



+ 3 (3 + ^/3V^IT3 

With the change of variable u = —i^/s sinht; we get 

1 , /-sinh-iCS/Vi) ^ 1 . , _i .„ , vri , „ . 1 

iy/I yju^ + s 

The second integral in (j70p is —2 In 2 and thus 



r-3 ]^ /-sinh ^{3/v^) I ml 

I dm. = — dv = -in — smb. (3/y/s) = ln6H — Ins (71) 

J-i^Vu'^ + s Jii. 2 2 2 



1 TT? 

L3,i = -lns-ln(24) + - + o(l) (72) 



Applying Frobenius theory to (p4j) we get 

^3,1 = A 
We have L^^i = 2J3 i, and thus 



. ,5 5 , , 

1- \ lns s + 

' 96 48 



+ ^(""96" ' ^^^^ 



L3,i = 2 ^ ( - A _ ^ In (s) ) + 2 i? + 0(1) (74) 



Comparing with (|72|) we get (j35|) and thus Js^i has the asymptotic expansion (j73P with 
A, i? given by (j72p . It follows that J(s) = 2J3^i. Similarly one can show that J3,2(0) = 
and -i^3,2(0) = vri implying J = J2-^. 
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(ii) The change of variable u = r^^ + t{ri — r^) transforms Js^i in ()60p into ()6ip : the 
other Jjy- are dealt with similarly. 

(iii) , (iv) The proof is similar to that of (i). 

Lemma 15. There is some < r/i < 1/100 such that \s\ < 2r]i implies 



24 

J(s) + y + (In 24 + i - iyri) s - In s 



and 



\j{s) - TTis\ < I (75) 
whereas \s~\ = \s + 4/3| < 2r]i implies 



24i 

J{s) H h (^TT - i In 24 - ^i) s' + ^is' ln(-s") 



< \s' 



1 3/2 



I J(s) - J(s) + 7rs"| < \s' 



|3/2 



and 

ImL(s) > max(4|lns|/5,2|ReL(s)|) > 4. 
/n pariicw/ar I J(s) +24/5| < /or |s| < 2r/i and |J(s) + 24i/5| < for \s^\ <2rji. 

Proof. This follows directly from (HH), Proposition [H ([MI), dMI) and ([62]). □ 

Finally, 

Lemma 16. We have (3 := mf^^j^+^^^ \Jis)\ > "-'^d /3i := inf^^-^+^^j^_^_^^^^^^ l'^2;i('S)| > 
for any e > 0. 

Proof. By the second line of (15ip we have |ri — ral > 2 for all s G H. By (158p we 



have inf ,|^+ IkI > 0. Now the integral in (I6ip does not vanish for s G DJ. since the 

^21/4 

integrand is in the open fourth quadrant for all t G (0, 1); therefore J ^ 0. The conclusion 
then follows from continuity of J in s G I5^x/4' 

The proof for J2-i is similar except that there is a factor (r2 — ri)^/^ which can vanish 
when s = —4/3, therefore we need the additional condition \s + 4/3| > e in this case. 

□ 

4.4. Conformal mapping of the upper half plane H by /C := J/ J. After the sub- 
stitution s = — 4t/3 equation (j24p becomes a standard hyper geometric equation 

T 5 

where the associated hypergeometric function is degenerate, with c = |2]. Since the 
conformal map of ratios of solutions of (j24p does not appear to follow immediately from 
standard references such as [22] and [2], we provide for completeness an independent 
analysis. 

Proposition 17. (i) fC{s) := J{s)/J{s) is a conformal map of the upper half plane into 
the interior of C2 where C2 consists of a semicircle in the upper half plane centered at ^ 
with radius ^, an arccircle C3 tangent to the imaginary line at passing through e~'^*/^ 
and the reflection of C3 about x = ^. In particular C2C]^ = {0, 1}; see Fig. [3 

(ii) If \s\ > 5 then Im/C(s) < — |. Furthermore, with 771 as in Lemma [TR if '>]2 > is 
small enough, then 

sup |Im/C(s)| > r?2 > (77) 

<'yi I <'?! iO<Im s<r;2 
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Figure 2. The image of IHI under fC {fa) is the interior of the left (right, 
resp.) curve above. 



(iiij We have, for small s and s resp., 

^ \s-f/' (78) 

We first prove a result for a Mobius transformation of /C. 
Lemma 18. Let 

f ( \ _ 2J1V 6' 6' 3' 3sJ 

f 6' 6' 3' 3s) 

Then fa maps the upper half plane conformally into the interior of Ci where C\ consists 
of the segment Ii = [0,a], where the number a > is given in dHU) below, followed by 
an arccircle tangent at 1 to it and at e^'^*/'^ to I2 = e'^'^^^^Ii, and then followed by l2- 
Furthermore, \fa{s)\ < | if \s\ > 5. 

Proof, (a) Since t = 00 is a regular singularity of (j76p . from the indicial equation we see 
that there is a fundamental set of solutions of the form 

f2is) = .5/6a(1/s); /i(s) = ,1/65(1/,) (79) 

where A and B are analytic and A(0) = B{0) = 1. We choose the natural branch of 
the roots, where s^^^ > if s > 0. Since (j76p has real coefficients, we can check that 
A and B have real- valued Taylor coefficients. 

(b) The differential equation for g{z) = s^/^ J(-3/(4s)); z = -3/(4s) is 

z{l-z)g" + \{l-z)g' + ^g = (80) 

a hypergeometric equation in standard form. The solution analytic at z = is 
2Fi(-|,i;l,z), E] 15.5.1. Thus, 

/2(.) = //SFi(-|,i;i,-A) (81) 

is the solution of ([76]) with the properties in (jaj). By [2] 15.3.1, 

= ' (h) " II - (' " * '''' 

Note that when s is in the upper half plane Im (1 + 4t/(3s))^/6 < 0. Thus we have 
s G HI /2(s) 7^ and it follows that fa is analytic in H. 

(c) The function /i is given by 

/i = s^'' 2F,{-1 1; I, - A) = 2^V6i^ _ + uj,, (83) 



< s 



3/2| 



/C(s) — 1 s 

^ ' 24 
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Indeed, ([83]) solves ([76]) and has the required behavior for large s. 

(d) We note that fa = f\l H- Note also that for s > or s < —4/3 the integrand is 
positive and /i(s) does not vanish. The integrals in (j83p and ()82p become elementary 
in the limit s — )• and we find that 

Similarly, 4/3) is also elementary and 

/a(-4/3) = -e^a; and also lim fa{s) = (85) 

and clearly 

(e) In fact, it follows just from Frobenius theory that neither /i nor /2 are zero at or 
—3/4, thus they are not analytic there. Indeed, the indicial equation at —3/4 and 
has roots and 1; the generic solution has a logarithmic singularity. If say, /i were 
analytic at zero, it is then analytic at —3/4 as well, else it would be single- valued. 
But if /i is analytic at 0, the log singularity at —3/4 is also incompatible with the 5/6 
branching at oo. So /i is singular at both 1 and 0. Thus it is nonzero at those points 
(as the solution that vanishes say at corresponds to the solution 1 of the indicial 
equation which is analytic by Frobenius theory). 

(f) Note that (/1//2)' = -W/f^ / where W is the Wronskian of /i and /a- Thus, 
/1//2 maps (0,00) one-to-one to the segment (0,a) where a = /i(0)//2(0), see 

and 00 is mapped to 0. 

(g) Similarly, by ([79|) . /1//2 maps (— oo,0) one-to-one to the segment e~^'^*/'^(0, a), for 
the same a by the symmetry implied by (j79p . and, as before —00 mapped to zero. 

(h) By Frobenius theory and (|ej) above, both /i and /2 have a singularity which, to leading 
order, is of the form tint at — | (0, resp.), where i = s + | (s, resp.). Thus, looking 
at the local mapping of a segment by sins near s = 0, we see that at the angle 
change is vr and the orientation of the arc is preserved. Thus, the segment [— 1,0] is 
mapped into a curve which is tangent to both /i and I2, and the angle change at — | 
and is, in absolute value, vr. 

(i) We now determine this curve. Between — | and we take, once more relying on the 
real-valuedness of the coefficients at a different pair of independent solutions and 
which are real- valued and analytic on [— |, 0]. Then fs/ maps [— |, 0] onto a segment 
on the real line. But since fi, solve (I76p . /s and are linear combinations with 
constant coefficients of /i and f2- Thus fs/f^ is a Mobius transformation of /1//2, 
and the segment [— 1,0] is mapped by /1//2 onto a segment or an arccircle. Because 
the tangency showed in item (jh]), it must be an arccircle. 

As in Q above, {fz/fi)' 7^ and thus /3//4 is one-to one on [— 1,0] and, since fa 
is a Mobius transformation of fz/ fA^ fa is one-to-one as weh on [-|,0]. 

Combining with ([J) and Q above, the image of EI is int(Ci) and fa is one-to-one 
between M and Ci. 

(j) By (ji|) and the argument principle, fa is one-to-one between EI and int(Ci) (see also 
m P- 227). 

(k) If |s| > 5 then, using the bound | (l + ff)^^*^ - 1| < 4/15 in ^ it follows that 
1/2 - 1| < ^. Thus |/2(s)| > 7|s|5/VlO. Similarly, for |s| > 5 we use ([83]) to obtain 
|/i(s)| < 4|s|V6/5. Therefore fa = /1//2 satisfies \fa{s)\ < 8\s\-^/7 < i if |s| > 5. 

□ 
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Proof of Proposition [77[ Since fa = /1//2 where /i^2 solve (p^. as do J and J, /C is a 



linear fractional transformation of fa, i-e. 

!C{s) = ai + (86) 

for some constants ai.2,3 that we now determine. It follows from (j65p that /C(0) = 
and /C(— |) = 1. For Res = and Ims — )■ 00 the roots of + + s approach the 
roots of + s, thus by Lemma [9] we see that r2 ~ ilSsI""*^/^, r^ ~ e~'^*/^|3s|~"'^/'^, 
and ri ~ e-^'''/^\3s\-'^/^. It then follows from §1^) and §2^) that /C(s) e-''*/^^ ^he 
corresponding values for fa can be obtained directly using its definition since the hyper- 
geometric functions can be calculated explicitly for s = 0,— |,ooi (see also ([8^ ). We 
have /a(0) = a, /a(— |) = e'^'^^^^a, and /a(ooi) = 0, which allows us to solve for ai^2,3 and 
obtain 

/C(s) = M{fa{s)); M{z) := eT^'l^ + i^z [z - e^^^/^a)"^ 

A simple calculation shows that the Mobius transformation M has the properties: M{1\) 
is the arccircle through and e"'^*/^, tangent to iM, M{l2) is the arccircle tangent to iM 
passing through e~'^*/^ and 1, and it maps the arccircle through a tangent at z = e'^'^^^^a 
to {z : argz = 47ri/3} into the arccircle through tangent to iM and to 1 + iM. It then 
follows from Lemma [TSl that /C maps the upper half plane into the interior of C2. 

(ii) If \s\ > 5, then by Lemma [THl \fa\ < \ implying iV^fa {fa — e^'^*/^a) 

thus using 1^ we get Im/C(s) < + | < -§• 

Consider /, the image under /C of region Hn {s : \s\ > rji} D {s : \s~\ > r/i} and the 
compact set 1^ = {z : dist(2;,/i) ^ e}. If e is small enough then 1^ C IC{M) and thus 
dist[/C~^(/e),]R] is positive and increasing in e implying (f77|) . 

(iii) This follows directly from Lemma [T5l □ 



< I and 



5. Recurrence relations and Constants of Motion. Proof of Theorem[2](i) 

We will use the integral equations (j2ip and (j22p to derive an asymptotic constant of 
motion formula for x in the third quadrant. 

5.1. Notations, (i) Denote Ri{v) = R{v,sj), Ji{v) = J{v,sj), etc., Rn{v) = R{v,Sn), 

Jn{v) = J{v,Sn), Ln{v) = L{v,Sn), Jn = J{Sn), = L{Sn) etc., and Sf = S/ + |. 

(ii) Denote, consistent with the notations of TheoremEl 

Q = xJ, /C = J/J, Qn = XnJn, Gn = Qn/xo, /C„ = J„/J„ (87) 

Note: since Q„ is a large quantity (for large xq) it is preferable to work with the 
normalized quantity Gn which is 0(1). 

(iii) We use co,ci,C2... to denote constants independent of n,so,XQ,si,xi etc., and c 
denotes a "generic" such constant. 

(iv) Consider the segment i and its symmetric about the line u = —1, i~ , contained in C: 

i = {t{l + i)/3:t£ [-1, 1]} and i' = {-2 + t{-l + i)/3:te [-1, 1]} (88) 

{£, i~ are sub-segments of + respectively [-(1 -|- «), -2 -|- ^^^], see NotefTOj) . 

Note that u £ i if and only if —2 — u £ i~ , symmetry which will be used in the following, 
in conjunction with (I50p and with \ — 2 — u\ = \u~\. 
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5.2. Calculating the Poincare map (the first return map). The values of x„ are 
obtained by iterating the first return map. To establish its properties consider (j2ip . (j22p 
with initial conditions {sf,Xf): 

r fR(v,s(v)) 392 1 \ , 

s(u) = si-2 ^ ' ; — r dv (89) 

^ ' Juo\ <v) 625x{v)^J ^ ' 

r 1 

x{u) = xj+ — —dv (90) 

JuQ S{V)) 

Proposition[T2] shows that the system ([5^ , ([UU|) has a unique solution for u traveling 
once along C and for initial values {sj,xj) £ TZ, a suitable region with the property that 
the final values {sf,Xf) of {s{u),x{u)) when u returns to uq are close to (s/,x/), cf. 
(i93D.(fT05D. 

Once this fact is proved, then {sn,Xn) are found by iterating the first return map 

Xf = ^{si,xi) = XI + (L — 1-^dv (92) 

JcRiv,s{v)) 

and {sn, Xn) = (•&, ^)°"(so, xq) for all n = 1, 2, . . . , Nm for which (s„, x„) remain in IZ. We 
calculate asymptotically the Poincare map (j9ip . (j92p in Lemma [23l information needed to 
determine A'^m in Proposition!] 



5.2.1. The region IZ of ininitial consitions (s/,x/). As explained in ^3.1.11 sq starts near 
0, and SNrn ends near —4/3. The estimates must be worked out differently in these two 
regions in s, though they are linked by the symmetry (j50p . Therefore we define 7^ as a 
union TZ = TZi U 7^.2, where TZi contains values of s close to (but not very close) and 
far from —4/3, while 7^2 has s close to —4/3 (but not very close) and far from 0; both 
contain intermediate values of s. They are defined as follows. 

Let m > be large enough (independent of any other parameter), r/i given by Lemma[T5| 
and r/2 small so that (I77p holds. Recall that here uq = — 4 (though other values can also 
be used). 

Region TZi is the set of all (s, x) with: 
(i) \x\ > m, |ito/3 + Uq + s| > 772/2, s G D^, > r/i/2, |s > 1 and 
(a) for all w £ I we have s — 2J{vu, s)/x G and \s — 2J{w, s)/x\ > \s\/8. 

Region 7^2 is defined as TZi, only with s interchanged with s" and i replaced by i~ . 

Note that {s,x) € TZi if and only if (s~,x) G 7^2- 

5.2.2. Existence of the Poincare map and estimates. 

Proposition 19. For {si,xj) inTZ, the system (f89]l . (|90]l has a unique solution s{u),x{u) 
for u going once along C. Furthermore, with a is defined in ()55p the solution satisfies 

\s{u) - si + 2Jj{u)/xj\ ^ 7aln|x/|/|x7p (93) 

The proof, given in §5.2.41 needs the estimates of §5.2.31 

5.2.3. Estimates of sums of square roots. Let rji be given by LemmafTSl and rj as in §4.11 
By Lemma [9] and Corollary [TT] (iii) we have 

inf \u — rj{s)\ > 

u&C, seID)+ ^^with \s\>^rii,\s-\>^rii 
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and thus 



^3 



inf 



\u^/2, + u^ + s\ > 0. 



(94) 



u6C,seID)+ with |s|>|r?i,|s-|>ir?i 

In the sequel, we will need estimates for functions of the form ip{u) := il^{u] o"i^2,3) where 



cJin3/3 + ^2 + 5 + + crav/ (72^3/3 + v? + s + /2(n) =: ^>i + $2 (95) 



with (jfc G {0,1}, s + /i,2 G 



21/4 



. Here, /i 2 are small perturbations in the sense 



sup |/i,2(u)K f?3/2 and sup |s + /i,2(u)| > |s|/10 



(96) 



(for the definitions of I, i see 



Note 20. Upon analytic continuation in s from s E (—4/3,0) to s > through M the 
branches specified in Proposition\14^i) give that Ps{0) = s which for s > has zero 
argument, hence in i?(0, s) we choose the usual branch of the square root (which is positive 
when the argument is in M^). 

In the following, / is either fi or /2. Since / + s S H, by Lemma J9l none of the 
square roots vanishes on C. We analytically continue ^ on C from to noD clockwise and 
anticlockwise. This, of course, may result in a discontinuity at uq. 

Lemma 21. (i) If ai = 02 = oj, = \, then 

inf 1^(^)1 > 

|s|5=m,|s~|5=m.«6C 



(ii) lf\s\ < i]i then, for all choices of ai we have 



inf 



^(7x)(|n|2 + |s|)-i/2 



> 



(97) 



(Hi) Let <I>io and ^20 the expressions defined in (|95p with cji = (T2 = and fi{u) replaced 
by fi{0). If in addition fk satisfy \ fk{v) - /fc(0)| < \vs\ + |s|^/^, then 



sup 

«6C,|s|<r?i 



1 



1 



< 1 



ij{u) $10 + ^>20 

(iv) Let u^,s^ as in (jSOp . Similar statements hold for 
^-{u) ■= \/(Ji(u-)3/3 - {u-y + s~+ /i(n)+c73A/cT2(n-)3/3 - (n-)2 + S-+ f2{u) =: «>r+«52 



where f\^2 satisfies (j96|) with I replaced by I , and s by s . To be precise we have 
(ii') If\s~\ < r/i then, for all choices of ai we have 



inf 



V^"(n)(|n~p + |s-|)-i/2 



> 



(Hi') Let <I>-^Q and the expressions defined in (j95p with cji = (72 = and fi{u) 
replaced by /j(— 2). If in addition fk satisfy \ fkiu) — /fc(— 2)| < |ii~s"| + |s~|^/^, then 



sup 

u&C,\s-\<r)i 



1 



1 



■20 



< 1 



'Recall that we use here uq = 



—4, but the results are more general. 
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Proof, (i) Note that ^j/^l = 1 + A(n) where A(u) = (/i - f2)/^2- By dM]) and ([Ml) we 
have sup„g(j |A| = oi < 1. By the choice of branches, see Note [20l we have $i + $2 = 
$2(1 + ^)2 and thus + ^2 can only vanish if $2 does, and this is ruled out by ()94p . 

(ii) For u € i,hy the choice of branch, ^1^2 are in the first quadrant. Then, |^>i +$2! ^ 
min{|$i|, |4>2|}5 so we can reduce the analysis to the case (T3 = 0. If ai = as = 0, then the 
estimate follows from the fact that \u'^\ + \s + f \ ^ 2|n^| + 2|s|. If fJi = 1 and (T3 = the 
proof is similar on where |ti^/3 + n^ I = |np|l + n/3| and |n/3| < On the rest of C we 



have, using Lemma [9] and Note l20l y ^u^ + u"^ + s + f and y^u"^ + s + f are the analytic 

continuations of Uy^l + ^y^l + gi{u, s) and uy^l + g2{u, s) respectively (these are the 
branches when u €^ £ and large relative to s, and here gi = —1 + (1 — — ^)(1 — ^)), 

where are the roots of ^u^ + u'^ + s + f, g2 = (1 + ^) - 1, 15^1,2 1 < Wm and |1 + || > I 
and the estimate is immediate. 

(iii) This follows by straightforward estimates using (ii): 

1 1 



-0 ^>io + $ 
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1 ^ -aiv^S - (Mv) - /i(0)) -a2vy3 - {Uv) " /2(0)) 

+ 0-3- 



V'($10 + «I>20) y ^'1 + ^10 ^>2 + ^20 

(iv) The proof is very similar: in fact, it follows by replacing [u, s) by (m~, s~) and using 
the symmetry ()50p which is essentially inherited by the whole problem. □ 

5.2.4. Proof of Proposition^!^ Due to the symmetry (|50p . the calculations with s/ and 
Sj are similar, see the proof of Lemma [21] (iv), so we only give the proof for IZi. 

Proof. Inserting ([90]) in ([89]) and using the identity -y/a — \/5 = {a — h)/ {^/a + Vh) we get 

2Ji{u) 2 s{v) - SI 
s(u) = Si / — r^"'" 



XI XI Ri{v) + R{v, s{v)) 

^ 2_ r R(v.,(v)Wv s)^^ ^ r 784 

XI Juo xi + L{v,s) Q25{xi + L{v,s))'^ 

Denoting s{u) — si + 2J/(n)/x/ = S{u), Rj{v) = R{si — 2Ji{v)/xi + 5{v)), LJ (v) = 
L{si - 2Ji{v)/xi + 6{v)) ([M]) becomes 



S{uj - — 



x-j 



2Ji{v)dv 2 r 6{v)dv 



j Jui Riiv) + Rj{v) XI Ri{v) + Ri{v) 

+ — / / ^^ + ^ / 7 _ . ... =:M{5){u) (100) 



xi + Lj (v) 625 (x/ + (i;))4 

We show that M is contractive in the ball B = {y : sup |y('")| ^ 7a In in 
the Banach space of continuous functions on one loop of the lifting of C on its universal 
covering, from uq to the lifting of uq. 

Note. Once existence has been established, solutions turn out to be analytic in u, si,xi 
by standard theory of analytic ODEs. 

We first check that the assumptions of Lemma [21] hold if fi{v) = —2Ji{v)/xi + S{v), 
namely that s/ + /i E ^21/4 ^^'^ inequalities in ([96]) are satisfied if \xi\ is sufficiently 
large. By assumption si — 2Ji{v)/xi S B^, we have si — 2Ji{v)/xi + 5{v) G ^21/i 
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\S{v)\ < r]2/2. Since \si - 2Jj{w)/xj\ > |s/|/8, we have \si + fi{v)\ > |s/|/8 - \S{v)\ > 
Is/l/lO if \6iv)\ < 40^. Finally | - 2Ji{w)/xi + 5{v)\ < 2a/\xi\ + \5{v)\ < m/2 if \xi\ is 
sufficiently large. Thus Lemma \2T\ applies. 
It follows that, for large m we have 



r n I «r/rN/ \i ^ 6aln|x/| 

\xi\ 



cln xj 



yueC^ M{6) e B 



For 6i^2 G B, denoting Rj (v) = R{v,si — 2Jj{v)/xj + dj{v)) and Lj {i 
2Jf(v)/xj + 5j{v)), j = 1,2, we have by Lemma \n\ 



\R^{v)-R^{v)\ 



c sup 1^1 



L{v,si - 
(101) 



and 



1 



Ri{v) + R^{v) Ri{v) + R^{v) 

6i{v) - (52(f) 



Thus 



\Li (v) - L2 {v 



{R^{v) + R^{v)){Ri{v) + R^{v)){Ri{v) + R^{v)) 

S2{t)-6i{t) 



c sup \ 5i — (52 1 

(|„|2 + 1^^1)3/2 



^ csj ^ sup |(52 — (5i| 
c 



i?r(t)fl2(i)(i?rw + ^2"W) 

Using (fTOT]l . (fT02]l and (fT03]l applied to (fTOOl) it follows that, for large m we have 
\Af{6i){u) - Af{62){u)\ ^ cx7Mnx/supc |(52 - (5i| ^ |. 

For initial data in TZ, it follows from Proposition [19] and Lemma ED that 



(102) 
(103) 



x{u) = XI + 

implying 



1 



Ul 



Rj{v 



-dv 



s{v) — Sj 



Uj 



Riiv)R{v,s{v)){R{v,siv)) + Ri{v)) 



dv 



\x{u) — xj — Lf{u)\ ^ 



\XjSl\ 



and \x{u) — xi\ ^ c(ln |s/| + 1), since Li{u) ^ c(ln \sj\ + 1) by Lemma [211 



(104) 
(105) 

n 



5.3. Calculating higher orders in the expansions of x and s. We can bootstrap 
Proposition [19] in (j2ip and (j22p to obtain, in principle, any number of terms in the 
expansion of s and x for large xj . Proposition[22] and Lemma[23l give higher order terms 
in the asymptotic behavior of Sf,Xf and of Q, fC. These will be used in ^5.41 to establish 
the number Nm. of times we can iterate the Poincare map while preserving the asymptotic 
formulas. 

Proposition 22. /. For {si,xj) G TZi the following estimates hold, 
(i) The values of s{u) for u going once along C satisfy 



2Ji{u) 2 
s{u) = si 1- — 



XI 



at! H — r 



, Ri{v) 



SI 



R{v, s{v)) Li{v)dv + 0{sj Xj 

I Jui 

2Ji{u) 2Ji{u)Li{u) 



XI 



+ 



X, 



(a) The final value Xf satisfies 

Xf = XI + Li -2Gi + 0{x-^s~^''^) 



+ OixfsJ^) (106) 



(107) 
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(in) Q = xJ is approximately constant (in the sense that Q = XQjQ{l + o{l)))and the first 
correction is 

Qf-Qi = XfJf - xjjj = -2JjGi - 2JjFj + 0{xjhj^^'^) (108) 
whith the notation Fj = F{si,xi, Jj), Gj = G{si,xj) where 

F{s, X, J) = (^1^ - 1^ ( ln{s) - In {s - 2J/x) ) - i 

G{s,x) = i [ln(s) - ln(s - 2 Joo/x)] 
where Jqq = J (0,0) cf. (j54p . is an elementary integral which evaluates to: 

12 , 2(-2 + no)(3 + 7X0)3/2 -12 + 4^/3^ 
-^00 = — ^ H = ^ (since uq = -4) (109) 

(iv) The functions Fj and Gj are 0{xJ^sJ^). 

II. For (s/, X/) G 7^2 similar statements hold after replacing u, s, s/ byu^, s~ , sF (where 
si~ = sj + namely 

Qf-Qi = -2JiGi - 2JiFi + O (x7i(sr )-'/') (110) 

where Ff = F(sj,xi, Jj), Gi = G{sj,xj) and 

F{s, X, J) = - ^) Ms-) - In (.- - 2J/x)] - \ (111) 

and 

G = G{s,x) = ^ [Ins- -ln(s- -2 J(-2,-|) /x)] (112) 

where cf. (j54p 

The functions Fj and Gi are 0{xJ^{sF)~^). 

Proof. It suffices to prove I., then II. follows due to the symmetry (j50p . cf. the proof of 
Lemma El] (iv). 

(i) We have, with the notation e/ = \v\ + \/\sj\, 

' - ^^-^^^^ -0(ef.f) (113) 



Riv,.s{v))+Ri{v) 2Ri{v) 2Ri{v){R{v,s{v))+Ri{v)Y ^ 
where we used Lemma [2T] in the last equality. Thus Proposition [T9] and (jllSp imply 

s{v) — Si 



R{v,s{v))=Ri{v) 



R{v,s{v))+Ri{v) 



Using (fTT3l> and (fTTil) we can rewrite ^ as ([106]). 

(ii) To improve the estimate for x(u), we denote Wj = Rj — "^j- and note that (jl06p 
implies 

R{v,s{v))-Wi{v) = o(^^ 

\ejXj 
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and thus 

s{v) - SI _ -2Ji{v) ^^flnsi 



Riiv)R{v,s{v)){R{v,s{v)) +Ri{v)) xiRi{v)Wi{v){Wiiv) + Ri{v)) \e]x] 

(115) 

Let pi = sjv"^ + sj and pi = ^Jv"^ + s/ — 2Jqq/xj. To simplify the estimate in (jllSp , we 
use the fact that J{v, sj) — J{v, 0) = 0{sj In sj) and J{v, 0) — Jqo = 0{v) which together 
with Lemma [21] imphes 

^(^) - = + Ofe-2x-M (116) 

Ri{v)R{v,s{v)){R{v,s{v))+Ri{v)) xipipi{pi + pi) il ^ ^ 

The function on the right side of (|116p can be integrated exphcitly: 

-2Joo(p/ + pi)dv ^ _Q^^^^ ^ Q(^-i) 2Gi ■.= ln{si) -ln{si -2Joo/xi) 

Jui xipipi 

(117) 

We apply (I116p and ()117p to (I104p and obtain the recurrence relation (I107|) . 

(iii) To obtain the change in J we use the definition of Ji as well as (I106p to get 



2Jj_ /Li_ 



■|7(T + ^/^M^^^^V0(^7^1n..) (118) 



Using (|lU5p and Lemma [21] with fi{v) = sj we get 
1 1 
Riiv){Ri{v) + i?/(^))2 = p,(p, + ^^2 + _ 2j,/^,)2 + ^ (^^') (119) 

Since the function on the right hand side of ()119p can be integrated explicitly, we have 
Thus 

— ^ ,, di; = Fj + 0fx7^s7^/') (121) 

X/ J Ri{Ri + RfY V " y 

Applying ([^1]) to piSj) we get 

J/ = J/-^-^ + fc^.y^/^) (122) 
X/ XI \ ^ ^ J 

The conclusion then follows from a straightforward calculation using (jl07p and (jl22p . 

(iv) When |s/| > 4max(| J/|, | Joo|)/|x/| the In in the expressions of Fi and Gi can be 
Taylor-expanded while if l/jx/l < |s/| < 4max(| J/|, | Joo|)/|3;/|, then Fi,Gi = 0(1) by 
straightforward estimates using the definitions of Fi and Gi. 

□ 

Lemma 23. If{si,xi) € 7^ i/iere exists a constant ci > 1 so that 

\sf - si + 2Ji/xi\ < ci|x7^|(| lns/| + I lns/"|) (123) 

\xf -XI- Li\ < ci\xj^\ (^\si\~^ + \sf\~^^ (124) 
I J/ - Ji + LiJi/xi\ < ci\xj^\ (\si\-^ + \sf\-^) (125) 
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\Qf - Qi\ = \xfJf-xjJj\ < ci\xj^\[\si\~^ + \sf\^^) (126) 

Qo 
Qi 



ICf-ICi-eo^\ <ci\xi\-minsi\ + \ln sr\) (127) 



where eo = — 27ri/xo. 

Proof. The first four estimates follow directly from Lemma [21] and (jl05p . ()106p . (jllSp . 
To show (jl27p we note that 

= (7)' = ^ = ^- = ^ = -^^'^/^ <^^«) 

where we used the fact that ()24p has no first derivative term, and the value of cq follows 
from (j65p . Proposition [T3] and (j57p . 

By (|55p and Lemma [16] we have /3 ^ | J(s/)| ^ a. 

Frobenius theory applied to ([25]) shows that L(s — sj) = 0(ln(s — sj)) for any singular 
point sj (that is, sj G {0, —4/3}). Thus Taylor theorem, (|128p . and ([123p imply 

ICisf) - }C{sj) = ^ + {xf (I In., I + I In .7 1)) 

which together with Lemma [15] leads to (|127p (with K,{sf) = ICf etc.) □ 

5.4. The solution of ([2T]) . ([22]) exists for n large enough so that xo,xi, . . . ,xn^ 
traverse the sector from edge to edge. The main result in this section are Proposition 
[M]and Corollarv[29l which are proved under Assumption ([33]) . which implies {so,xo) £ TZi. 
It will turn out that the iteration ends in 7^2- 
Denote 

eo = -27ri/a;o, e+ = |eo| (129) 

We note that 

|eo/e+ - IK 2e+|lne+| (130) 

by ([33]) . for large enough m. Let 

iV, = [{e+y - (e+)-^/2j , J- = (e+)-^ - j for ^ j ^ iV, (131) 



Proposition 24. Consider sq,xq satisfying (133p . T/ien ^/lere exists Nm > Ng so that the 
solution of the integral equations ([2T]) . ([22]) where we take n = exists a/ong' C /or Nm 
loops and so that we have 

< ImsAT^ < 11 |xo|^^ and |Re sat^ + || < 2|xo|~^^^ 

The proof of Propositionl24l is given in ^5.4. II for going along C the first n < Ns loops, 
followed by ^5.4.21 for a number Ng < n < Nm loops. 

5.4.1. Iteration of the Poincare map a number ofn < Ng times. While Q„ and /C„ change 
from n to n + 1 by a term much smaller than their order, when expressed in terms of Qo 
and /Co the corrections add up to a significant term; in this section we show that a better 
expression of discrete asymptotic conserved quantities are 

Qj = Q{so) + a,ln(j + l)i_ ; IC, = /C(so) + je+ + b,eljln[{j + (132) 

where aj, bj may depend of sq, xq, but are bounded by a constant C2 independent of so, 2:0: 

\aj\, \bj\ ^ C2 for all j = 0, 1, . . . , A^s for some C2 large enough (133) 

proved in Propositionl28[ with the help of Lemma [26] by complete induction on n. 
Then 

Sj = }C-\}Cj), Xj = Qj/J{sj) (134) 
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are expected to be the leading order of s expected form ()170p , ()33|) . 

Note 25. As before denote = s + 4/3, sf = sj + 4/3 and so on. We only prove the 
results in this section for Sj, and the proofs for Sj + | are similar due to the symmetry 
([50|) . see the proof of Lemma [9] (iii). 

We write o(l) for quantities that vanish as — )• oo (therefore as eo — )• 0). 

Lemma 26. Let n ^ Ns. Assume (jl32p . (jl33p hold for all j = 0,1, . . . ,n and C2 is large 
enough. Then there exist two constants 03,04 > 0, independent of C2, sq, xq, such that for 
all 1 ^ j ^ n and large xq we have 
(i) Sj G H and \sj\ < 5 

(a) csje^ ^ \sj\ ^ C4je+, 03(1 - je+)| ^ \sf\ ^ 04(1 - je+) 
(iii) ^ ^ ^ la^j/a^ol ^ 2 ^ where a, (3 are given by Lemma[T^ and (f55l) . 

Proof. (I132p implies |/C(sj) — je+| = 0(je^ In e^"*^) for large xq and all j ^ Ng. Thus /Cj 
traverses [0, 1] up to small corrections. 

(i) By the above, Im/C(sj) = 0{je\ Ine^"*^). Now Proposition [TTl (ii) implies Sj G H and 
\sj\ < 5. Lemma [TBI and (I55p now give 

/3 ^ I J(sj)| ^ a (135) 

(ii) For small w, Proposition 1171 (iii) implies 

|/C-l(t)-^t| ^ |t3/2|; |/C-l(l-t) + |-^t| ^ |t3/2| (136) 

and thus Sj/ (je+) is bounded above and below when je+, (j > 0) is small. The rest 
is immediate. 

(iii) This follows by straightforward estimates from ()132p and ()135p . 

□ 

Proposition 27. Let n he such that the assumptions of Lemma\26\ hold. //so,xo satisfy 
(j33p with m Zarge enough, then {sj,Xj) (defined in (jl34p ) belong to TZ (defined in ' ^5.2. l\l 
for all j = 0, 1, . . . , n. 

Proof. By Note [25] it suffices to look at those j for which | sf | > r/i . Lemma [26] implies 
^ ^l^^ol and Sj € B^. With uq = —4 we have |uq/3 + + Sj\ > ^ — 5 by Lemma 
[26] (i). 

The property \sjXj\ > 1 only needs to be checked when Sj = o(l), by Lemma [26] (ii) 
and (iii). That is, by Proposition I17[ we look at those j for which je+ = o(l). In this 
case, by (I132p we have 

J(s) = J(0)(1 + 0(1)) = xo(l + 0(1)) (137) 

and the rest follows from the definition of Sj , ()132p and (jl36p . 

Using the definition of J we have J{u, s) — J{u, 0) — as s — 0, and J{u, 0) is given 
by an elementary integral. Let <^T = — ^ + ^ + ^^5-^ be the two term- Taylor expansion 
of J(u, 0); the Taylor remainder |J(u, 0) — Jt{u)\ is bounded by 1/10 for u £ £. Using 
this bound and calculating Re Jt, Im Jt for u £ i we get 

- 16/5 < Re J{u, 0) < -2 and 2/3 < Im J{u, 0) < 11/5 (138) 
For small s (jl38|) and (jl37p imply 

Res, + ^ < Re (5, - ^:^) < Re5, + ^; Im (§, - 2^^^) > Ims, + ^ 

Since Sj S H, using these inequalities, we see that sj — 2Ji{u)/xj G B^ and 
\sj — 2Ji{u) /xj\ ^ max {Re Sj — 5/|5;j I, |Imsj| + 3/|2;j|} > |sj|/8 
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for u G L For n close to see Note[25l □ 



Proposition 28 (The evolution "preserves" (jl32p ). 

Let n ^ Ng. Assume (jl32p . (|133p are true for j = 1, ...,n — 1. 

Consider the initial conditions {si,xi) = (s„_i,x„_i). By Propositions \27\ and \19l the 
solution exists for one more loop and {sf,Xf) are well defined, ifm is large enough. 

Then with Qn = xjJj and ICn = K,{sf), Qj,K,j satisfy (|132p . (jl33p for j = l,...,n fr 
some C2 > 0. 

Proo f o f Proposition \28[ Using Lemma [26] to estimate l/xj, 1/s/, we see that for large 
Xq there is a constant C5 (independent of n, C2,so,xq) so that 

\xj'\i\sf\-^ + \sj\~^) ^ C5(l/n + 1/Ns) (139) 

Now, (fT26l) and (fTM]) imply 

|Qn-Qn-l| <CiC5(^- + 7 ^-^) (140) 

\n — 1 [n — lj_ / 

implying that (jl32p . (|133p hold for Qj for all j = 1, ...,n if C2 > 2ciC5. This fact, and 
(|130p , and Lemma [26l used to estimate Xj and Sj in (|127p , show that 

|/C(s„) - /C(5„_i) - e+l < \c2el ln[(i + l)i_] + 2e^| lne+| 

+ ^^(1 ln[(i + l)i_] + 2| ln(c3e+)|) (141) 

Adding the errors in (|14ip . and using the fact that < 2{j + l)j_ it follows that ICj 
satisfy ([T32I1 . (fT33l) for all j = 1, n. □ 

We can now obtain estimates for Q„ and /C„: 

Corollary 29 (Inductive construction of the solution of (|2ip . (I22p ). T/ie solution of the 
integral equations (I2ip . (I22p exists along C for Ng loops. Furthermore, 



\SN,- -4i\xo\~'^^^\ <\xo\-^/^; + < (c2 + l)ln|2;o|/|xo| (142) 

Xq 

In particular {s]y^,xj\f^) S TZ2 ■ 

Proof. With si = sq,xi = xq, we get by Proposition [T9] xi = Xf,si = Sf, and (|132p 
follow from (jl26p and (|127p . Thus, by Proposition [ST] Proposition [19] applies, to yield Q2 
and IC2 which by Proposition [28] satisfy (|132p and, inductively Xj,Sj yield Qj,ICj for all 
j ^ Ng. 

The estimate for sn^ follows from (|136p . and the estimate for xn^ follows from Lemma 
[IS and ([T32D . □ 

5.4.2. Proof of Propositionl24\for n > Ng up to n = Nm- We prove by complete induction 
that Proposition [T9] applies to Sn,Xn with n ^ A''^ — 1 as long as Ims„ ^ ll/|xo|. 

First note that Proposition [T9] applies to sj\f^^i, x^^^i by Corollarv [29l Suppose for 
some Ng ^ n < Ng + \xo\^^'^ we have that {sk,Xk) G "7^25 |sfc~| < Vi^ and Ims^ ^ ll/|xo| 
for all k with — 1 ^ /c < n. We only need to verify the following conditions defining 7^2 : 
\xn\ > m, s„ S Bg", > 1 and that for all w ^ £~ we have Sn — 2Jn{w)/xn G 

and |s„ ~ — 2Jn(?i;)/x„| > ~|/8, since the other conditions are obvious. 

By (I124j) . (|123p . Lemma [TSl we have \xk — Xk-i\ < cgllnxol for some cq, \sk~\ < 
8(n — k)/\xQ\, and 

48 1 1 , . , 
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for iVs - 1 ^ A; ^ n. Thus by (fTl2]) we have |s„ -| < \sNs "I + ll\xo\-^^^ < 16|2;o|"^/^ and 

\xn/xo + i\ < \xnJxo + i\ + celxor"*"^^! lnxo| < (cg + 1) |xo|~"^^^| lnxo| 
which imphes 

\sn~\<m^ and = l^oKl + o(l)) (144) 

and by (fTl3D 

Ims„ > Im ( Sn-i + ) - 7^ > 
V 5x0/ Fol 

Thus \xn\ > 9|xo|/10 > m, s„ G B^, and |x„Sn~| > 9|xoIm s„|/10 > 1. 

A calculation similar to that used in the proof of Proposition [23 shows that 

\ReJ{w,Sn)\<l and - 13/4 < Im J(u;, s„) < -8/5 ioi w £ i~ 

Thus Im (s„~ — 2Jn{u)/xn) > Ims„ — 7/|x„| > and 

\sn~ - 2Jn{w)/xn\ ^ max(|ReSn~| - 3/|xn|,Ims„ - 7/|x„|) > |Sn~|/8 

Thus Sn,Xn are in Region 2, and Proposition [T9l applies again. 

Since ImsTv^ < 5|xo|~^^^ by (jl42p and Im (s^ — Sk-i) < — 8/|xo| by (I143p . there must 
exist some Nm < Ng + |xo|^/^ such that < ImsAr^ < ll/|xo|. By (jl43p we have 
|Re(sfc — < |Im(sfc — Sfc_i)|/8. Thus by (jl42p we have 

iResAT^^I < iResiv^l + |ImsArJ/8 < 2|xor^/^ □ 

Corollary 30. The solution of the integral equations (21), (22), with initial condition 
{sNs^xNs), exists along C for Nm — Ng loops. Furthermore, we have 

< Ims7v„ < ll/|xo|, |Res7v„ + l| < 2|xo^^/^ \— + i\ < {cj + l)|xor^/^ In |xo| 

Xo 

for all Ns < n < Nm for some constant cy. 

6. ASYMPTOTICS OF THE DISCRETE CONSTANTS. PROOF OF ThEOREM[2] (ii) 

6.1. Asymptotics of the discrete constants of motion. We derive two more orders 
of these formulas, needed in the calculation of /i, cf. Proposition [TJ For this we need more 
properties of functions F and G in Proposition 1221 Denote 

P-n — Pi^n ) Xn, Jn)i Gn — G(^Sn , X^) , Fji — F(^Sn , X^, </n) , Gn — G(^Sn, X^) (145) 

Fn;a = i^(so + |g,xo,-f) and G„;a = G(so + |g , Xq) (146) 

Fn,;a = F(.^.-^,X^„,-f ), G^,a = G [s - X^„) (147) 

Let by convention Bq = Bq = {). 



Lemma 31. Bn and Bn defined in (|40p and (|4ip for n > 1 satisfy 

n— 1 . 71—1 

Bn = ^(-^A;;a + Gk;a)^ Bn = — ^(-Ffe-a + Gk;a) 
k=0 k=0 

Proof. The sums above are, up to elementary sums, telescopic; the calculations are 
straightforward. □ 

Note 32. For generic uq, Bn would contain a term of order ln(n + 1), but the term 
vanishes for the special choice uq = —4, which makes the calculation simpler. 

In the following O(-) denotes n— independent error terms. 

With A^o defined in (1391) we study the regions ^ n ^ A'o and Nm — Aq ^ n ^ Nm- 
The following estimate is needed. 
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Lemma 33. For n ^ 2A''o we have 

\Fn - Fn;a\ + |G„ - + |F„ - + |G„, - G„;a| = O(xo^lnxo) (148) 

Proof. Define Sj-n and (5^;„ by J„ = -48/5(1 + Sj-n) and Sn = {so + |g)(l + 5^;„). It 
follows from Lemma [23] that 

'n + 1 



<5j;n = O 

implying 



; x„+i-x„ = C'(lnxo); Sn+i-Sn = hO 



48n 



(149) 



Sn = Sq + ^ + 0(xo ^ In Xq) 



and 



_ 48 ^ |^ (n + l)lnxo 
5 V ^0 



^ ^ (^z;™ = 0{{n + l)xo ^ Inxo) 



(150) 



The estimates for F„ — Fn-a and G„ — Gn-a follow by Taylor expansion, using ()149p and 
(jl50p and the fact that ^ = o(l). The proof for F and G is analogous. □ 



6.2. Proof of Theorem [2] (ii). Case I. Consider n ^ Nq. By ()149p we have 

(J„ + 24/5) (G„ + Fn) = O(lnxo/xo) 
We then have by (fTOHl) . Lemma [33] and ([T5T]l 

Q„-Qo = Sn + 0(x-'/^lnxo) 



(151) 



(152) 



Case II. Consider n with Nq < n ^ N„^ — Nq. We first show that > ^|x„| 4 and 

|s„_| > ||x„|~4 for Nq/2 ^ n ^ Nm — Nq/2. We need to distinguish two subcases. 
II. a For n ^ 77i|xo|/8 := N2 (note that > -^o); Lemma [T5l and Lemma [23] imply 



4&ni 



•So 



5|xo| 



< l/|xo|; |x„/xo - 1| < 1/20 



and similarly 



Sn - SN„ 



^8{Nm - n)i 



5|xo| 



< l/|xo|; \xn/xo + i\ < 1/20 



(153) 



(154) 



for Nm-N2<nf^ Nm- 

II. b For < n ^ — N2 we have ^ ci 771/2 and |sn~| ^ ci7?i/2 by Lemma 
[26] A straightforward calculation using (I153P and (I154p shows that > ^|xn|~* and 

|sn-| > |k„|-3 for No/2 ^ 71 ^ iV„ - No/2. 

It follows from Lemma [211 (|106p and Lemma [23 that 

11 s„ - s{v) 



R{v,siv)) Rn{v) Rn{v)R{v,s{v)){Rn{v)+R{v,s{v))) 

= O [x^'s-'/') + O (xo ^(s„")-3/2^ (155) 
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This equation together with (jll3p . ()106p . and ()107p impHes that 

2R (v)^ ^^ ^ {{xoSn)~'^) + O ((xos„")~^) 

Xn J C/U -^Xn \ 

(156) 

In (jl56p we used ([56]) to integrate by parts: 

dv = f Jn{v) ^ dv H = JnQ{Un, Sn) H 



Rn{v)^ J ^ ' dv 2 
since Rn{v)Q{v, Sn) is analytic and its loop integral is 0. Therefore 

We rewrite (fTTSjl using (fT06]l . (fml) and ([56]) as 



Now 



Xn \ 2 J XnRn{v)(Rn{v) + Rn+l{y)Y J 

(158) 



R^{v)iRn{v) + Rn+livW J 4ii3(t; 

_ p{Sn)Jn 

4 

Using (fT58]l and (fT59]l we get 



+ O {x-\snSnr^) (159) 



Jn+l -Jn = + ^ - + Oix-'l') (160) 

which, combined with (jl57p implies 

x„+i J„+i - x„ J„ = x;;^Q(no, Sn)Jl + 0{x~-^/'^) = -\Q{uo, s„) J„(s„+i - Sn) + O(xo ^/^) 

(161) 

On the other hand, 



dQ{un,s)J{s) 



O {{SnSn)-^) = Oixl'^) 



ds 

implying 

Q{uo, so)Jisn) - Q(no, s) J(s) = 0(x-'/') (162) 
for s between s„ and Sn+i, and thus integrating (jl62p we get 

(s„+i - s„)Q(no,s„)J„ = / Q{uo,s)J{s)ds + 0{xq ) (163) 
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It follows from ([W]), (fT63l) and Lemma [23] that 

j;„+iJ„+i - x„Jn = -- / Q{uo,s)J{s)ds + 0{xq 

J SfL 

Summing in n we get 

Qn = Qn,- \ r Q{uo, s)J{s)ds + 0(x~'/') (164) 

Now by I. we have QtVo - Qo = ^ In(iVo) + 5a + 0(^0 Inxo)- Since Q{uo, s)J{s) = 
+ O{xo Ins) by definition and s^o = ^ + 0(xo ^) by (HMD, we have 

/ Q[uo,s)J{s)ds = — In- \- 0{Xr. mxo) 

Jso 5 Sso^o 

Thus by (|164p we have 

Qn = Qo + ffa + In - ;^ / Q{uo,s)J{s)ds + OixQ^^'^lnxo) 

Case III. The remaining case Nm — Nq < n ^ Nm is similar to I. by symmetry and 
we omit the details. We get 

Qn^ -Qn = BN^^n + 0{x-^'^ In xo) (165) 

6.3. Proof of Theorem [2 (iii). It follows from (fTnHIl that 



Sn+l Sn 2 2L„ I ,o / -3 1 2 \ 



2 2L„ 2(Q„ - Qo) , ^ / -3i 2 \ 

= -7^ + ^-^H 272 + 0[xq In Xo) (166) 

•^n'^n "^0 

Now using the definitions of J and L we have for s{u) with u in the nth loop on C (between 
Un and Un+i) 

1 1 _ ( J„, + J(s))L„(s - Sn) _^ ^ (S - S 



J2 J2(s) 2J2J2(,) V «n 

- "-"(^ - + o{^'- +o(^'- + O f - ) (167) 



Integrating both sides gives 



^M^)-0(^]^0i'^] (108) 



This together with ([166]) implies 

-^,ds = -^ + + O (xo-3 In^ xo) (169) 

Using ([T28]l to integrate l/J^ we get 



'";y^^. = -^(/C(s„+l)-/C(.„)) 
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This together with (jl69p imphes 

/C(s„+i) - /C(s„) = — — H ^ O (xo'^lnxo) for < n < iV^ 

Summing in n we get 

Now by (|4ip and Theorem [2] (ii) we have ^ clnxQ. Thus for ^ n ^ Nq we have 

n. n 

^(Q,- - Qo) = E^^- = Inxo) (171) 

i=o j=o 

while for A'^o < n ^ A'm — ^0 we have 

n Nq n 

j=0 j=0 j=No+l 

= nBNo-^J2 r Q{'^o,s)j{s)ds + O{xl'^\nxo) (172) 

Now by Lemma [23] and Theorem [5] (ii) we have 

^ +0(xo-2lnxo) 



2Jf - xoJo^" 

Thus 



i ^ r Q(no,s)J(s)ds = xoJo ^""^'^^ J'^ [-1 r Qi^o,s)J{s)ds]+0{lnxo) 

,-,2(\ i Q{u{).,s)J{s)ds + 0{\nxQ) (173) 



where we noted that the middle term is a Riemann sum, that we replaced by an integral 
plus the usual error bound in terms of the derivative. Using (|128p to write 1/J^ in terms 
of (/C — 1)' and integrating by parts we get 



1 



Q{uo,t)J{t)dtds = :/ / Q{uo,t)J{t)dt] {IC{s) -lyds 



(ICn - 1) / Q(no, s)J{s)ds - — - / Q{uo, s)(J(s) - J(s))ds + ©(x"'/^) 



5 



967rz 



Combining pT2]) . p73|) and pTi]) we have 



T" Q(7zo, s)(/C„ J(s) - Jis))ds + O(xo '/') (174) 



J2^Qj - Qo) = tiBno - ^ r Q{uo,s){)CnJ{s) - J{s))ds + 0{xl^^ Inxo) (175) 
j=o -^^^0 

Since Theorem [2] (ii) implies Q„ — QA^m = for A''^ — -A'o ^ jt- ^ A^j^, we see that 
p75]) is also valid for iV^ - A^q ^ ^ ^''m- 
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Since is bounded, ()170p and (jl75p imply that 

JCn = + O(lnxo/xo) (176) 

Xo 

Note also Qq = —24xq/5 + O(lnxo) since Jq = —24/5 + 0{xq^ Iuxq). This together with 
(pTHI) and ([176]) imply that 

- Qo) = uBn, + — / Q{uo,s)i-27rinJ{s)-xoJ{s))ds + 0{xl^^lnxo) (177) 

Now, by definition, Q(no, s)(-27rmJ(s) - xoJ{s)) = -^^^n + 0{xolns) and by (fT53ll 
we have sno = ^ + 0{xq^). Thus 



Q{uo, s){—2-KinJ{s) — XQj{s))ds 



/Q(uo, s)(—2TTinJ(s) — xoJ(s))ds H n In ^ + 0(x^^^ Inxo) (178) 
_o 5 5soXo 

This together with (j4ip and (jl77p implies 

^(Qj-Qo) = '^9a+^. Q{uo, s){-2mnJ {s)-xoJ{s))ds+^^^n In ^^^^^ +0{xl^'^ In xq) 



j=0 

(179) 

Comparing this with (I17ip we see that ()179p is in fact valid for < n < A^^^. The 
conclusion then follows from (jl70p and (|179p . 

6.4. Proof of Proposition[8l (i) It follows from Lemma [15] and ([170p that 

J(-|) J(0) JqXo a;5J(0) V 
This implies (|45p . A calculation using ([4ip and Theorem [2] (iii) shows that Re = 
0{xq^) and Im = O(xQ^lnxo). Since < ImsAr^^ < ll/|xo|, ([15]) implies Nm. = 

^ + O(lnxo). 

(ii) This follows directly from (i). 

(iii) (j47p follows from Theorem [2] (ii) . By (i) and (ii) we have Sj^^^- = 0{xq^ Iuxq), and 
thus by Lemma[T5]we have Jn^ = iJo + 0(xq ""^(Inxo)^). The rest follows from ([47p . □ 

7. Application: finding the Stokes multiplier 

As an application of the discrete constants of motion, in this section we find the Stokes 
multiplier /i by analyzing the tritronquee solution yt{z) of Pi specified by the sector of 
analyticity ([S]). 

7.1. Overview of the approach. The solution yt is meromorphic; this was known since 
Painleve, and proving meromorphicity does not require a Riemann-Hilbert reformulation, 
see e.g. |10[ [TJ] for direct proofs and references. Starting with a large z G M"*" we 
analytically continue yt (i) anticlockwise on an arccircle until arg z = tt and (ii) clockwise 
on an arccircle until argz = — vr. The continuation (ii) traverses the pole sector, argz G 
(— vr, — 37r/5). Because of the above-mentioned meromorphicity, we must have 

yt{\z\en = yt{\z\e~'n (180) 
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After the normalization ([2]) this tritonquee yt{z) becomes ht{x), solution of ^ specified 
by dl]). The analytic continuation corresponds in the new variables to the following: We 
start with large x with argx = 7r/4 and (i') analytically continue ht{x) anticlockwise, 
until aigx = 37r/2, and (ii') analytically continue ht{x) clockwise, until argx = —ir. The 
single-valuedness equation (jl80p implies 

/it(|x|e3-/2) = _/i,(|:j;|e— ) - 2 + (181) 

Recall that a Stokes line is a direction at which the constant C in the transseries 
of solutions changes: the Stokes phenomenon, and in fact C = C(argx) is piecewise 
constant, see ^8. It orthogonal to them are the antistokes lines, directions along which 
some exponential in the transseries solutions is purely oscillatory. By Theorem 2 (iii) of 
[7] the value of C jumps by fi, cf. also ^8.21 

By Theorem 2 of [7], IK"*" and M~ are the (only) Stokes lines of ([3]) (the Stokes lines 
coincide with directions along which some exponenetial in the transseries has maxima 
decay) and the antistokes lines are zM"*" and iM~ . The tritronquee ht, with zero constant 
in its transseries in the first quadrant, C(argx) = C(0+) = for argj; G (0, f ), is 
analytically continued (i') traversing the antistokes line arg(a;) = § (C does not change) 
and reaches the Stokes line argx = vr, where C(^+) = /u; ht continues to have a transseries 
with the same C until the next antistokes line argx = ^ beyond which it enters a 
pole region; upon analytic continuation (ii') ht traverses the Stokes line argx = gives 
C(0— ) = — /i, then crosses the antistokes line arg(x) = — f entering the pole sector. 

For yt{z) continuation (i) means that z traverses the antistokes line arg(z) = 7r/5 and 
reaches the Stokes line argz = 37r/5, while (ii') traverses the Stokes line argz = — vr/5, 
the antistokes line arg(z) = — Svr/S, entering the pole sector. 

In variable z, and using the five- fold symmetry, we see that 

Note 34. Their position in the original z plane are aigz E {— 7r/5, 37r/5, 77r/5} (Stokes) 
and argz G {— 37r/5, 7r/5, vr} (antistokes). The lines bordering the sectors of symmetry 
@ are antistokes lines for some tritronquee. 

Going back to the normilized for, ^((x) Along M"*" the change is given by (see also (j215p ) 

'^'°'> = '^'°'>-^'""'"^^- 2r(l-ft).n.ft ^ ft = 1/2 (182) 

([7] H; we give a short proof in the Appendix, ^8.2p . For the tritronquee C(0+) = 0. 
Along M^, we have C(k + 0) = C(7r — 0) — /i = C(O^) — /u = — /u for the same /u as in 
(jl82p because of (j215p and since the direction of continuation in (i) is opposite to that in 
(ii). In (ii), the third quadrant, a sector with poles in x is traversed. In this region ht is 
described by constants of motion (cf. Theorem [2] (ii) and (j45p ). which are valid until x 
reaches M~ when it is again described by a transseries; the asymptotic expansions of the 
constants of motion that we obtain depend on C . The transseries representation of ht also 
depends on C in a way visible in the first few terms when argx = — vr or 37r/2. Eq. (|18ip 
is a nontrivial equation for ^ which determines it uniquely. The fact that ^ is uniquely 
determined is not surprising given that there is only one solution, the tritronquee, with 
algebraic behavior in the region (l5|), cf. [9], Proposition 15. 

7.2. The transseries regions. Our goal is to find the value of the Stokes multiplier /x 
using (|18ip . By [9] h has the asymptotic expansion (fTOj) in the region Imx < 0, Rex G 
[— |ln|x|,0]. Similarly, since y{z) is continuous in z, by ([2|) we have when ht{x) ~ —2 



"^We note that in [7], in the formula below (1.15), the factor r(l — j3) is missing and Sp should be S in 
(1.19). 
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when X is in the region Rex < 0, Im (x) G [— |ln|x|,0]. A calculation similar to (fTOll 
(cf.[9]) gives the asymptotic expansion 

htix) ~ -2 - hoii) - -hiii) - ^h2{i) + ■■■ (183) 

where ^ = /ie*^ and fl = — /i (see the discussion below ()182p ). 

Remark 35. The fact that fi = — /i is in fact not used for our purpose of calculating /i. 

Note 36. There are infinitely many points xq so that ht{x{)) = —A, and among them 
there are sequences with modulus going to oo. 



Proposition 37. One can choose xq satisfying Assumption (j33p with \xo\ is sufficiently 
large, such that the tritronquee solution with uq = /it(a^o) = ~4 satisfies 

8(3 + \/3i) _3/2. , . 

So = h 0(xo ) (184) 

and 

^xqJo = 24iTTko - 2zV^lnA;o + 12 In {1 + i) + i^ 

-2(^3"5 -i^ (57r + 3i)-\/3i(^61n2 + 31n3 + 21n5) - 3 In i§2 _ 2^3^ Invr + O ^i^^ 

"(185) 

Proof. Since uq = —4, pO|) implies that ^(^/12— 1)~^ = —4 for x near — iM. This equation 
has solutions ^ = 6(— 1 zb ^/2)i). For convenience we choose ^ = 6(— 1 + \/3i). Let xq be a 
value of X corresponding to ^. A straightforward calculation using (jlOp shows (|184p . 

We write xq = —2kQTTi + xq where fco G N is large, and xq = 0(ln /cq). By definition of 
^ we see that xq solves the equation 

^, =6(-l + V3i) 

V2Ko7r + ixo 

Expanding the square root at xq = and inverting the exponential we obtain 

xo = -ln (6{-l + V3i)fi^W-2kom) +0{^) (186) 
Combining (jl86p and Proposition [T3] we obtain (jl85p . 



□ 

Now we have 



Proposition 38. Let xq as in Proposition\31\ large enough so that (so,xo) G 'R-i, so 
that (s„,x„) exist for ^ n ^ N^a- Furthermore, x^^ is in the transseries region 
{x G C : Rex < 0, Imx G (— | log |x|, 0)} and (I183P implies 

24 

SN^ = ^yO{x^Hnxo) (187) 

Proof. With Uq = —4 and uq, xg, sq given by Proposition 1371 the conditions of Proposition 
[Ml are satisfied. By Lemma [151 Proposition [8l (iii) and (jl85p we have 

T T ^0-^0 , t 5|xo|sjv^- \^sn^~ , 

ImxAT^ =Im- +0(1) =Im — h 0(1) 

Jn,^ 48 

Since < Ims^v^ < ll/|xo| by Proposition YIM. and Rcsat^" = O(l/xo) by and 
p85p . we see that ImxAr^ > — 1| In |xo| +0(1). Since the second quadrant is a transseries 
region (cf. ([6]) and ^8.11 ) and uq = —4, by (|183p we must have Imx^v^ < 0. 
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It follows from (|183p that and — ^(^/12 — 1) ^ = — 2 for x near — M, with solutions 
I = 12 (-4 ± ^/T5), which implies (fTH7|) by (fT83|) . Note that xat^ = -ixq + O(lnxo) by 
Proposition [8] (iii). 

□ 

7.3. Calculating the Stokes multiplier. We now find the exact value of the Stokes 
multiplier using Proposition [8] (i) and (|187p . 



Note 39. Eq. (I45p gives a formula for stv™ based on the constants of motion given in 
Theorem [2] (ii) and (iii), whereas (I187p gives the value of sn^ according to the asymptotic 
expansion (1183P for the tritronquee. Thus by setting them equal to each other we establish 
an equation for ^u, see (j202p below. 

We need to prove some estimates first. 



Lemma 40. Let xq,sq as in Proposition 37 . For Nq/2 < N < 2Nq we have 

+ 6 + 2i\/3 + i\/31n3 + ln27-61n(27r)^ + IniV + O(xo Inxo) (188) 

where Bn is as defined in (jSip . Similarly for Nq/2 < m < 2Nq we have 

= ^(l-ln^) + 0(^-)+0(xo'/^lnxo) (189) 
5 m + 1 

Equivalently, Qa = \ (^—i + vr + 6 + 2i\/3 + iy/SlnS + In 27 — 61n(27r)^ and gb = 
^(1 — Invr) (ga,gb o-s defined in ()4ip ). 

Proof. Since uq = —4 and ^ = 6(— 1 + ^f^i), we have sq = 5f^(3 + \/3i) + ©(Iuxq/xq) by 

direct calculation. Also recall that Jqo = - ^ + ^ by (fTUgj) . 

With this choice we have the following explicit formulas by direct calculation using the 
definitions of F and G (cf. Proposition [22]): 

Fn;a = k + O(i^) 
Xq 

where 



3 , — 3 — i\/3 — 6n , . /tt , ^ \ , 9 + i\/3 + 6n 

and 



" = -4 + ln(^3 + iV3 + 6nJ + In [9 + iVs + 6nj (190) 



Gn-a = fi-n + 0( ) 

xq 

where 

^" ~ 2 \^ 6re + 6 J 
Thus, by Theorem [2] (ii) we have for N < 2Nq 

48 

Bn = — '^{In + 9n) + 0{xq^^^ In xq) 

k=0 
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The sum is a telescopic sum plus an explicit sum, and we get 

N-l 



J2{ln + gn) = ^{(s + iVs + GN^ ln(^3 + iV3 + 6iv) -67V-61n67V-61n(7V!)) (191) 



k=0 



Using Stirling's formula ln(n!) = (—1 + In n)n + i (- In (i) + ln(2^)) + 0(l/n) in ([M]) 
we get 



N-l ^ 

XI (^ri + 5n) = ^ (e + 2i + iVs In 3 + In 27 - 6 ln(2^) 



*;=0 

+ '-" + '^'% ^lnA^ + 0(lW (192) 

This shows (fTHSl) . 

The proof for (|189p is similar. Straightforward calculations using (jl87p show that 

. m— 1 

= — V] (In + gn) + 0{Xq^^^ IuXq) 
^ n=l 

where 

~2/ \ 1 f I 1 \ ITT 

Z„ = --(^(2n + l)ln(2n-l)-(2n+l)ln(2n + l)+2j; 5„ = - flnf--mj -ln?i+y 

These can be summed in n explicitly implying ()189p . □ 
Lemma 41. For t ^ we have 

4 



^ Q{-4:,s)J{s)ds = -^^6\/3iln2 + 7r (^\/3-4i^ 

+ 6 In (^4 - \/l5) +2V3iln3^ + Int + 0(t ln(|t| + 1)) (193) 



and 



J~' Q(-4, s)J{s)ds = + 1^ In (4 - ^) + I In (4 + VTs) (194) 

Proof. The proofs of (|193p and (|194p are very similar. We have by definition and Lemma 

m 



4 4 



nQ{-4,s)Jis)ds= n y^^^ & 

sV-48 + 9s 

-4J(s) «./(0)\ , iJ(0)lnS|_| , „ , 

Jo VsV-48 + 9s V3s y \/3 '* 

/• /-| f-4JU{e) + s iJU(7}\ , , ij(0)lns|_| , „ , 

(195) 

where C/(e) = ti^/3 + + ez, and Co is as in Corollarv 1111 Li particular it surrounds 
—3 — ez/3, —2 — "v/el, ^J—ei, and 1 — ei/3 but neither —^—ei nor —2 + -v/ei. 
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Similarly 



'Qi-i,s)Jis)ds = llm [ n h^^^-'^^]dsdu (196) 

where Co is as in Corollary 111! In particular it surrounds — 2 + ^/ei, ±\/—ei, and 1, but 
neither —3 nor —2 — ^/ei. 

Elementary integration gives 

r ( "'^^ -'^]ds = U VSnVu + 4 In (l6 - 8^V3Vu - 3u) 

Jo \sv-^8 + 9s v^s J s\ V ; 

-41n (2A -W - 4i\/5V-4 + 3[/) + i\/3\/c7^ ln48 + In [/ 

- 2 ln(16 + 3C/) + In (l6 - 27U + 4\/l5 V[/(-4 + 3[/)) ^ ^ (197) 

This function can be integrated in u explicitly as well; the calculation is tedious but 
straightforward and we omit the details. The branches of In and square roots are chosen 
according to analytic continuations along the contour Cq or Co where the initial branch is 
consistent with J or J. Integrating (I197p along Cq we obtain 

ri ( -4J(.) _ y(o)\ 

Jo VsV-48 + 9s ^/3s J 

= (^4f\/31n2 + 2 (^-2i + \/3) vr + 61n (a - Vl5^ +3iV3ln3^ (198) 

which together with (jl95p implies (|193p . Similarly integrating (jl97p along Cq ^.nd using 
(fT96D we obtain (fTM|) . □ 

Now we calculate the Stokes multiplier fi rigorously using Proposition [8] (i). 

Proof of Proposition [IJ We apply Proposition [8] (i) by first noting that 

^N^ = ^ + ^[ ' Q{no,s){J{s)-J{s))ds + 0{x'J'lnxo)-'^ln^±^ (199) 
2tt Am Jg ovr b 



since iV^ = ^ + O(lnxo) by Proposition [8] and sqXo = + o{xq ^'^) by (fT84]) . 

Now it follows from Lemma HT] 

^ y 'Q(no,s)(J(s)- J(s))ds = 

- — : / Qiuo,s)J{s)ds - - — : / Qiuo, s)J{s)ds + Olx'r.^ \axo) 

2 ( V3 log (so/576) -1, ^ 

= I V 3 + 4 + C'(a;o Mn xo) 

H ^ ) 

= - l^ol + g _ JL _ ^/31og(10800) , 

Stt 5 5\/3 57r ^ o ^ ^ ; 
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Applying (fT88]) and (pOOl) to (fT99]) we obtain 

0jv„ = __L|^vr (^v^+8i) -2i\/3-6-6i\/31n2-4i\/31n3-2i\/31n5 

- 2 In 27 + 2\/3i In (s + iVs^ +61n (^3 + z\/3) + 6 ln(7r) - 2i\/3 In l^ol^ +0{xl^^lnxo) 

(201) 

By ([15]) . (I185p . ()201|) and Proposition [381 the matching equation ()181|) implies 

4(V3-6i) 24i, , 1 / /(6 + 6i) (\/3 + i)\ ^ 

^ = — (fci-iV,„) + -^ 121n ^ '-^ 1- +OT-4^/37r-241n2 




since ki — Nm G 

7.4. The Painleve equation P2. The normal form of P2 is ([9]) 

,,, /i' / 24a2 + l\ 8,0 8a,, 8(0^ - a) ^ ^ ^ 

/i" + 1 + 7, — Wi - -/i^ H + — 5 — - = (203) 

t \ 9*2 y 9 3i 9*3 ^ ^ 

The associated asymptotic Hamiltonian equation, with Hamiltonian s is s" — s — ^s^ = 0. 
With R = ^/9u'^ + Au^ + 18s(u), the analog of the system (fT9]l . (|20l) is 

ds _ Sau"^ + R u{l + 24a2) 8{a - a^) 

du 3x 9a;2 9x^ 

dx 3 

du R 

We integrating in u along cycle C surrounding two or three singularities, and use the 
notation ([5^ . Since u'^ is single- valued we get 



+ + (204) 

(205) 



- Sn = + 0(2;„^); x^+i = x„ + 3L„ (206) 

the same as ()26p . (j27p except for the fact that R^ is now quartic. The leading order 
constants of motion are of the same form as those for Pi. We leave this analysis for a 
different paper. 

7.4.1. Calculating the Stokes multiplier for more general integrable equations. Consider 
for simplicity second order differential equations for which the general solution is single- 
valued (the P-K property allows for finitely many branch points common to all solutions; 
this case can be accommodated too by an appropriate uniformization) and consider so- 
lutions for which the transseries is a pure power series along an antistokes line ^o- By 
[7] these solutions are unique and are regular up to the next antistokes Ai and 
lines encountered by rotating the independent variable in both directions. Still by [7] 
and [9], there is only one solution regular in an open sector S bordered by Ai and A-i 
which contains a third antistokes line, Aq, in-between. These solution play the role of the 
tritronquees in being maximally regular; that is, the sector S connecting three antistokes 
lines is maximal. Assume that for large x in the complement of S'^ of 5, the solution has 
poles. This is generic. At either edge of S^, the solution is of the form -Fo(0 + o(l) [9] 
where ^ = iix^e~^^ where /i is the Stokes multiplier while h and A depend only on the 
equation (for Pi, A = 1 and h = —1/2). The solution is single valued, and we know that it 
needs to match a transseries at the other edge of S'^. Since S is maximal, S'^ is minimal. 
The condition that S'^ is minimal means that the asymptotics in the pole region, which 
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contains /x in the leading orders, uniquely determines a /i through the condition that the 
angular width of the pole region is minimal, equal to that of S'^. The equations deter- 
mining the asymptotics in the pole regions are expected to be solvable in closed form, see 
NoteH 

8. Appendix 

8.1. Asymptotic expansions, some known results and transseries representa- 
tions. We write ([3]) system, as usual. 

Simple algebra shows that the transformation 

04(-r4;-l)e:) 

brings (j207p to the normal form (in [7] eq. (1.1)) 

y' + (a + ^B^ y = g{x-\yy, A = diag(Ai), B = diag(ft); Ai,2 = ^1; /3i,2 = ^ (209) 

where g = 0(x"^) + 0(|yp). 

In the following £^f{x) = e~^^ f{p)dp is the Laplace transform of / in the direc- 

tion e***^ (by convention, (j) = —aigx). 

Note 42 (Results from [7] and [9]). (i) By Theorem (ii) in [7] if y is a solution of the 
system (1209P with y = o{x~^) for x — )• oo, x € 6"**^^ (for some (j)) then y has a unique 
Borel summed transseries: for some C 

oo 

y{x-C)=^C^e-^''{C^Yk){x) for X G |x| large (210) 

fc=0 

where Yq = p'^Ao(p) Yfc(p) = p'^/^~^Afc(j>), with Ak{p) independent of C and analytic in 
C \ {±1, ±2, . . .}. All Yfcdple**^) are left and right continuous in at = and cj) = tt. 
There exist u and M independent of k such that suppgc\^jR \Yk{p)e-\P\^\ < M^. 

We note that along Stokes directions, when cj) G {0, vr}, the Laplace transform does not 
exist as a usual integral, and must be considered in a generalized sense |8]. 

(ii) The constant C in (|210p depends on the direction cj): C = C(argx) is piecewise 
constant; it can only change at the Stokes rays. 

(iii) We have 

C^Yk := yfc ~ CfcX-t; A: ^ l;yo = ©(x"^) for x ^ oo, x G e-'^R (211) 

where ci is taken to be 1 by convention, thus fixing C (if C 7^ 0). 

(iv) For any 5 > there is 6 > so that for all A; ^ and cj) in (— vr, 0) U (0, vr) we have 
\Yk{pe-^'^)\e-''Pdp < 5^ (Proposition 20 in |7]). 

Note 43. (i) Algebraically, the equation is simpler in variables {h,h') than in y, and it 
is more convenient to work directly with the second order equation ([3]); the results in j7], 
[8] and [9j translate easily through the linear substitution (1208 p into results about h and 
H := C~^h. In particular, ()212p below holds for solutions h = o(x~^), where satisfy 
all the analyticity properties and, up to constants, bounds satisfied by Y^. 
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Lemma 44. (i) Assume h solves ([3]) and satisfies (a) or (h) below: 

(a) h{x) = o(l) as rc —)• oo with arg{x) £ [— f , f ]; 

(b) h{x) = o{x~^) as X ^ oo with argx G ( — f , f )• 
Then h also satisfies 

(c) h{x) ~ C_|_x~"'^/^e~^ as X ^ +ioo for some C_|_. 

Furthermore, for such h there is C_ such that h ~ C^x^^^'^e~^ as x ^ —ioo, and there 
exists a unique sequence {ck}k such that h ~ gfUr + Z^^Ls CkX^^ as x +oo where the 
asymptotic expansion is differentiahle. We denote C_ — C+ = /u. 
(a) A solution h as above has the Borel summed transseries representations: 

oo 

h{x) = ^Cie-''^{C^Hk){x) for (0,^/2] (212) 

fe=0 

k -I 

where Hi^{p) = p2~ Ak{p) and A}^ are analytic in Cr := C \ {±1, ±2, . . .}. The functions 
Hk satisfy bounds of the type in Notes and \4Wiv ) ■ 



Proof, (i) follows from formula (113) in [9]. 

Equation ([3]) can be rewritten in integral form as 

/i(x) = Cix-5e-^ + C2X-5e^'+AA(/) where (213) 

AA(/)= ix-^e^£%ie-7(«)d.-^x-ie-£.ie7(^)ds; /(«) = -^+^+|^ 

which is well defined if h satisfies (a),(b), or (c), and furthermore, in these cases C2 = 
and we denote Ci = (7+. Equation (I213j) is contractive if xq > is large enough in the 
ball of radius one, in the norm \\h\\ = sup^^^^ |x^/^/i(x)| and its solution is of course 
unique. The same equation is also contractive in the norm ||/i|| = sup^^^^^ |x^/i(x)| and 
thus h = 0{x^^). Equation (j213p now inplies that h{x) = gH^r + hi{x) where /ii(x) = 
o(x^^). Inductively, we obtain that h = ^k=A^kX^^ + hi^{x) where are unique and 
hjyj = o{x~^). Thus h ^ h = Yl'k=A^kX~^ ^ formal power series solution of ([7]) (which 
is unique, as it can be also checked inductively). Differentiability of the asymptotics is 
straightforward from the integral reformulation ()213p . (ii) follows from Note |l3j □ 

The inverse Laplace transform, applied to ([3]), yields the equation satisfied by Hq, 

(p2 - l)H^ = +p^Ho + -Ho*Ho (214) 

where 

rp 

{f*9){p) = / f{s)g{p-s)ds 
Jo 

It is clear that, if Hq{p) is a solution of ()214p . then so is —Hq{—p). By uniqueness, Hq 
is an odd function. The tritronquee solution corresponds to C = for (p G (0,7r/2) in 
([7]). The solution of (j214p is thus odd, H{p) = —H{—p). In particular, using the results 
(1.12) in [7], or Theorem 1 in [8], 

H = ±5/3(1 T p)"^^^(l + 0{p =F 1)) near p = ±1 (215) 

Note 45. Conjugate to the Stokes rays argx G {0,'7r} are directions in the Borel plane 
argp = (p = — argx G {0, vr} along which H has singularities. 

By Theorem 2 (iii) of [7] the value of C jumps by /i, cf. also ^8.2[ Lines orthogonal to 
Stokes lines are called antistokes. There, the exponentials in (I212p are purely oscillatory. 
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Their position in the original z plane are argz G {— vr/S, Svr/S, Tvr/S} (Stokes) and 
argz G {— 37r/5, 7r/5, vr} (antistokes) . 

8.2. Derivation of (|182p . We rely on the summary of results provided in Note[l2j The 
fact that |>CYfc| < with b independent of arg(x), shows that the change in C can 
only occur due to Yq and possibly Yi. Since p~^/^Yi is analytic in a neighborhood 
of IpI < 1 and has continuous limits say Y^ on the sides of the cut [l,oo], that sat- 
isfy suppgig+ |Yj'^(p)e~''IPl| ^ i^, Watson's Lemma implies that K^CYj^ — £Yj^)(x)| = 
o(e~(^~'^)^) for any e > as x — )• +oo. So the change in C can only occur due to Yq 
and we only need to evaluate Jyo := (>Co- ~ >Co+)Yo. As in Note |32l Yq is analytic in 
C \ (Z \ {0}); assume Yo(j9) = Sfi(\ - + o(l)), /3 > 1. Then, with the choice 
of branch (1 — = 1 + o(l) for small p, we have (1 — 'p)~^ = e^^^'^\l — p\~^ for 
\p\ > l,arg(p) = =pO. Using Watson's lemma and analyticity at zero, the result follows 
from 

/oo 
\l - ple-P'^ dp = -2i Sinn (3 Sfje-^'x^-^T {I - f3) 

8.3. Proof of Lemma[9l 

Proof, (i) Analyticity of the roots of a polynomial in C \ Si where is the finite set of 
points where the roots coallesce is standard [3]; here Si = {0, —4/3}. As for the behavior 
near Si, because of the symmetry (jSOp . it suffices to analyze the roots near 0. 

We write = —s and rewrite the equation as vy^l + v/3 = ae, a = ±1. By symmetry, 
it is enough to analyze the case <t = 1, v^/l + v/3 = e. We choose the branch of the square 
root with the cut (— oo, —3]. The implicit function theorem (IFT) applies at {v, e) = (0, 0) 
and gives a root, r2(e) which is analytic on the universal covering of C \ 5i. Consider the 
domain ^2 := {e : |e| < 2/3}. If \r2\ = 1 have |r|||l + r2/3| > 1 - 1/3 = 2/3 and, by 
analyticity and the fact that r2(0) = we see that \r2\ < 1 for e £ 82- By our choice of 
branch, we thus have throughout 5*2, 



|r2| < 1; and Re ^1+7/3 > (216) 

Using ()216p . we see that 

1^2 - e| = , ^ ' ' , ^ - (217) 




1 + f + ^r+f ■ 

Estimating the right side of the equality in (j217p . now relying on |r2 — e| ^ |e we get that 
\f2 ~ ^\ ^ The result about ri follows similarly. 

Using the symmetry (|50p . for < \/2/3, in some labeling, the three roots fj of P 
satisfy 

\pi - V^l < 1/03 - 3 + s"/3| < |s^|; \p2 - a/s^I < \s~\; (218) 
where pi = 2 + fi, = 4/3 + s. 

(ii) We let s traverse a region in H. 

We note that the roots do not cross M, otherwise we would have s = — r| — r|/3 S M. 
As a consequence of this and by analyticity Imrj, j = 1, 2, 3 do not change sign. For small 
s, r2 e H, thus r2 G H for ah s € H. 

In (I218p . f2 is the only root in H, thus f2 = ?'2. Similarly, since r^^i G — H for small s, 
r^^i G —'Ml for all s. 

Letting u = —ti where t G we see that /3 + + s = s + — / O since 
its imaginary part is positive. Similarly letting u = —2 — ti we have /3 + v? + s = 
s + ^ + t^ + |7^0. Thus neither r^[s) nor ri{s) crosses the line Re z = or Re z = —2. 
This together with (j52p shows that Rer3(s) > and Reri(s) < —2 for all s G H. 
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Comparing (|52p we see that = and fi = ri. Finally, for small s G H, by (|52p . r2 
is between h = {t{l + : t ^ 0} and h = {-2 + + i) : t ^ 0}. On the other 
hand, for s G M, ImP,(t(2 + 3f)) = Im [s - (f - 3i) - (5 - 12^)*^] > and similarly, 
ImPs(— 2 + 1(— 2 + 2>i)) > 0. Thus r2 stays in between the two rays li^2 for all s S H. 

(iii) Real analyticity in t follows again from the IFT. Near t = 0, the IFT applied to 
the equations v it {—tv^/?> — sY^"^ = at r = =p-^— s, t = implies the existence of two 
roots of + v'^ + s analytic in t. When s is close to —4/3 the result follows from the 
symmetry T. 

(iv) This simply follows from the fact that for |n| ^ 399/100 we have \u^/3 + v?\ 
1(399/100)3/3 - (399/100)2 > 21/4. □ 
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